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KapnaTcbki MaTeMaTUyHi
ny6nikauii. T.2, X°2

YOK 517.52

Banan B.A.

MoeyYAOBA PAOIAJIbBHO OBMEXEHWX AHTUTTPOKCUMIHA/IBHNX
MHO>XWH B NMPOCTOPI U

BanaH B.A. NMobygosa pagianbHO 06MeXeHMUX aHTUMPOKCUMIHANbHUX MHOXUWH B npocTopi L\
// Kapnatcbki MatemaTuyHi nybnikauii. —2010. —T.2, N&. — C. 4-9.

MokasaHo, wWwo B npoctopi L\ nonspa cnabko* 36iKHOT 40 Hyns MOCNif4OBHOCTI MICTUTb
pagianbHO 06MeXKeHy abCONOTHO ONYKAY aHTUMPOKCUMIHAIbHY MHOXWHY.

BcTyn

BigcTaHHi Bif efeMeHTa X B HOPMOBaHOMY Mpoctopi X [0 HernopoXHbOI MHOXWHM
M C X Hasmaetrbcq umcno d(x,M) = |K—M\ = inf{lLk —\ : y € M}. EnemeHt
y €M Ha3mMBaeTbCA HAROMMKUY0K TOUYKOKW 0 X, AKWwo [Ir—\ = d,(x, M), a MHOXWMHa BCiX
HanbAMKYMX eNeMEHTIB O TOUYKM X B MHOXWHI M no3HavaeTbcs vepe3 Pm (X).

MHOXMHA M Ha3MBaeTbCA aHTUNPOKCUMiIHANBHOK (AP-MHOXUHOW), akwo PM{x) = 0
Ans fosinbHoro X € X \' M.

Hexali X* — cnpskeHnin npoctip go X. KaxyTb, WO dyHKuioHan f € X* pocarae
MaKCcMMymy Ha MHOXUHI M C X, KW,0 iCHye efieMeHT X € M Takuid, wo f(x) =sup f(M).
Mo3HaumMmo (M) MHOXMHY BCiX (YHKLiOHaNIB, AKi JOCATAOTb MAKCUMYMY Ha MHOXWUHI M,
TOGTO

S(M) ={/ e X*:3xe M \f(x) =sup/(M)}.

Y 1972 poui M.EgenbuteidH i A.ToMNCoH B [5] nokas3anu, WO aHTUNPOKCUMIHANbHICTb
0OMeXeHOT 3aMKHEeHOi onyknoi NigMHOXMHM M 6aHaxoBoro npoctopy X piBHOCU/IbHA TOMY,
LLO XKOLEH HeHy/bOBUIA OMOPHUIA (PYHKLIOHaN MHOXMHU M He focArae HOPMM Ha 3aMKHEHii
OAVHWYHIN Kyni B, TO6TO

Z(A)NZ(B) = {0}.

B pobotax [1-6] BMBYaNMCA NPOCTOPU, AKI MICTATb AeAKY O0OMeXeHy 3aMKHEHY Heropo-
XXHIO aHTUNPOKCUMIHa/IbHY MHOXWHY. 30KpemMa, Oy/i0 BCTAHOB/IEHO, LLO TaKUMU € NPOCTOPY:
Gy ¢, ¢(X) (NMpy neBHWX ymoBax Ha npocTip X), L™, Y 3B’A3KYy 3 LMMKW LOCNILKEHHAMU

2000 Mathematics Subject Classification: 46E30, 46B28.
Knwouosi cnosa i gopasu: npocTip L\, aHTUNpPOKCMMiHanbHa MHOXWHA, pajiaibHa 0OMeXXeHiCTb.

©BbanaH B.A., 2010

M. onoB NOCTaBMB NMUTAHHS: Y MICTUTb NPOCTIP CYMOBHUX (PYHKLiA L\ gesky oOMexeHy
ONyK/y 3aMKHEHY aHTUNPOKCUMIHAIbHY MHOXWUHY?

MHoxnHa M B 6aHaxosomy npocTtopi X Hag nonem K, 0 € M, Ha3uBaeTbCs pagiasbHo
00MeXeHO0t, AKLLO 419 KOXHOr0o HeHyNb0oBOro eneMeHTa X € X MHOXMHa {a 6 K :ax € M}
- obmexeHa B K.

3ayBaxnmo, WO B [2] nobyaosBaHO MpUKAazg OMyknoi 3aMKHeHOT pafianbHO 0OMEXeHOi
aHTUMPOKCUMIHAIbHOT MHOXWHK B npocTopi L\[—,1].

Y paHiin cTatTi MM y3araibHUMO Migxig 3 [2] i Nokaxemo, WO nonspa AOBiNbHOI ¥~
36DKHOI O HYNA NOCNILOBHOCTI (PyHKLiOHaNIB 3 L\ MIiCTUTb 3aMKHEHWI pafiasibHO 06Mexe-
HWIA aBCOMKOTHO OMYKNNIA aHTUNPOKCUMIHAMbHWIA OKin Hyns B L\.

1 [donomixHi TBepa>KeHHS
Cnouvarky BigMiTUMO, WO

£Ne) ={/ ¢ i» :p* e [a1]: /(0L = NAD >0}.

fe BLj —3amkHeHa oguH14yHa Kynsa B L\.

TyT i fani, BpaxoBytoun onuc cnpsxeHoro L\, HerepepsHi (pyHKLiOHaNM Ha MpocTopi
Li mMn OGygeMo OTOTOXKHIOBATW 3 enemMeHTamu npocTtopy L~. A came, sikwo Yy € Loo, 70
y(x) = f y(t)x{t)d/i gna Bcix x € L\

04 , - .
Ons [OBiNbHOT MHOXUHKM A 'y NiHiliHOMY npocTopi X 4epe3 BP(/1) MU MO3HAYaTUMEMO

NiHIAHY 060/10HKY MHOXUHK A
Ham 6yfyTb MOTPiIGHI HACTYMHI TBEPAKEHHS.

TeepaXeHHA 1.1. Hexan (yny™m=\ ~ nocnigosnict » NPOCTUX DYHKLIA yn € L™, (an)m=1 -
L0BiNIbHA NOCNIJOBHICTL yncen an €ER, an ¢ 0, (zn)™N —nOCNIJOBHICTb PYHKYINA «q ¢ noo-

yn —yn +UWZh gnd KoxHoro n € N, npuyomy nocnifosHicThb (zn)Z=1 3af0BONbHAE HACTYNHY
yMOBY: -
(1) akwo icHye Taka MHOXnHa A C [0,1] 3 y(A) >0, Wwo dyHKLis X —(Tana Ha
K=
A Tokk=0anaBcix 1<k <n.
Togi sp{yn:n €N N (BN} = {0}
[osepeHHa. Hexalt icHye dpyHkuis h : [0,1]] —R, h € sp{yn : n € N} M'E(BI1""). OckKinbku
h € E(BLI), To MHOXuHa A = {t € [0,1] : \()\ = W[} Taka, wo p(A) > 0. Baxatnmemo,
wo p(A+) >0, ge A+={t €[0,1] :h(t) = [JAIL: M
3 iHworo 60Ky, ockinbk h € sp{yn :n € N}, To h = XMAKK + XkakZK):
k=1

Tomy Maemo

M M
N AXKYK(®) "B MMM \M
K=1 fc=l

Ana Bcix t € A+. Tenep £ xkakzk(t) = M - "nAkyk{t) = g(t). Ockinbkn chyHKLis g(t)
k=1 k=1

€ NPOCTOH, TO ICHYOTL Take ¢ € R i MHOXmMHa B C A+ 3 p(B) > 0, wo g(t) —c and



foBinbHoro t € B. Tomy N “"kakzk = ¢ Ha MHOXWHI B, 3Bifkn, 3rigHO 3 ymM0BOIO (i), MaemMo
k=1
Afaft = 0 N7 KOXHOro 1 < k < n. BpaxyBasLuu, Lo BCi att g 0, OAepXMMO, WO \k = 0 ANd

BCiX 1<k <n. Tomyh =0. O

3ayBaXMMO, WO NOCNIZOBHICTL ({n)™l MHOrOY/EHIB PI3HUX LOAATHUX CTErMeHiB 3ajo-
BOJIbHAE YMOBY (i) TBepXKeHHs 1.1, afKe MHOrousieH [OAAaTHOrO CTereHs He MOXe 6yTu
CT/IMM Ha HECKIHYEHHI MHOXWHI.

TeepaxeHHsa 1.2. Hexait X = Lb (ek)"=L —36i>KHa 40 HyNa NOCAIZOBHICTb umncen ek >0,
(XnK :n € NJK >1n) —cim™d enemeHTIB XK € X Takux, wo [PMic] < £ gnq scix n €N
Tak>niyP :N=>{nkK :n €Nk >n} —o6iekyia. Togi NoCNIZOBHICTb zm = XY(m)
36iraeThed 4o Hyna B X.

LosegeHHa. 3adoikcyemo € > 0. OcKinbku KIergoeK = 0, TO iCHye K0 € N, Take LU0 €K < €
ana Beix Kk > K0. 3po3ymino, wo mHoxmHa A = {(n,K) :n € N,n < K < K0} —CKiHYeHHa.
Moknagemo mO = sup
Hexain m > m0. Togi (n, K) = ¢(m) £ A, TO6T0 k > K0. ToMy |lan]= KTl < &k < ¢, &,
omke, lim |janj=0. O
'n—00

Ansa MHOXUHM A B TOMOMOriYHOMY npocTtopi X yepe3 A MU NO3HaYaTUMEMO 3aMUKaH-
HA MHOXMHM A Yepe3 cc(/T) —abcontoTHO Onykny 060M0HKY MHOXMHW Ay BEKTOPHOMY
npocropi X.

TBepaxeHHa 1.3. Hexaii (yn)™L —nocigoBHICTb eneMeHTiB yn € LA, Takux o yn — >0,
Togi icHye nocnigoBHicTb (zn)~=1 zn € Loo, Taka wo zn —io, sp{zn:n € N}IN)Z(BLI) = {0}
i{yn:n €N} Ccc{ln:n €N}

[osegeHHs. Hexah (ek)"=1 — nocnigosHictb umcen ek = " i (mnk: n €Nk >1n) —
CiM’f pi3HMX HaTypanbHMX uuncen. Mobygyemo cim’to (XnK :n € N, k >1)NpoCTUXYHKLA
ink € Loo, Taky WO CiM’d (xnk : n € N, K > 1) €N1eMeHTIB xnk = XK+ ¢ kank, A€ ank(t) = tnmk
npu t € [0,1], 3a40BO/IbHAE YMOBU:
K
(i) Ih- 2 xorll<2exkpnsa seeix n €ENik >n,

r=n
(n) JFnfc] < 2ek+ ex+l NpU K > n.

3ayBaXMMO, LU0 AOCTaTHLO A48 KOXHOro n € N nobyaysatv nocnigoBHicTb {xnk) Ln.
3adpikcyemo n € N. MipKyBaTMMeMO iHAYKUIEO BIZHOCHO K > n. Bnbepemo npocTy doyHKLi0

JTMNE Lo, Taky wo |ly,- xnnl<en. Topi
bn  3ml— Byn  AWE‘E IPwr WL —cn ‘b uvy — 26,

TOOTO BMKOHYETLCA YMOBa (r) MpU K = n.
MpunycTumo, WO PyHKLIT X, ..., XMK BXe nobyaosaHi. MobyayemMo doyHKUi0 Xnk+\ 3ri-
K

[HO 3 yMOBOKO (r), maemo |[infc] < 2ek, pe ynk =yn- X xri-

Bunbepemo npocty dpyHkuito Xnk+H € Loo, Taky wo |xEeH|] < 2eki yic- xH]| < ex+H\
Togi MaTMeMo

fcH

nyn ANoAAmTl 5 || 77nfe Xnk+11 “b ||“fc+I~rifc+1 || » 2€K =fc+li
r=n
TOOGTO BMKOHYETLCA ymoBa (IT).
MoknageMo unn = 2xnn i UMK —2KXNK Npu K > n. Tenep BisbMeMO Giekuito @ : N —
{(n, k) :n €N,k >n} i noknagemo zm = uv(m).
MHOXWHY HaTypanbHUX ymcen N po3i6’eMo Ha ABi MIAMHOXWUHW HACTYMHUM YMHOM:

M\ ={<£1(n,f):n €N}, M2=N\MiI-

Ockinbku yn™-*0 1 |pn —xnnl < 2en, 10 xnn”~>-0, Tomy i unn—=>0, a, OTXe, MoC/i-
[OBHICTb (zm)mEVi —  -36DKHa Ao Hyna. Tenep, ockinbkn i< =¢k, 10 |finfc] < ¢
ans Beix N € N Ta BCix K > n. OTXe, 3rifHO 3 TBEPMKEHHAM 2.2, MOCAILOBHICTb (I'T)Tem2

36iraeTbCcs 40 HyNA 3a HopMoro. Tomy zm —>0 nNpn T —>00.

K K

Tenep,ockinbkn |y, - Z Xnll < 2efcro yn = J2 Xk BpaxyBaBwu, WO X xri =
i=n K>N 1=n

K
\unn+ = ¢nni Qeef{uni ;i >n} =cd, :n €N} ana ecix n € Ni K > n, oTpumaemo,
i=nf1l

wo yn €cc{-rn :n€ N}  ang koxHoron € N. O

3ayBaXMMO, LU0 OCKiIbKM oYHKLIT XK — MPOCTi | HaTypanbHi Yynucna T MK pi3Hi, TO no-
CNiJOBHICTb QOYHKLI XK 3a40BOMbHAE yMOBY (i) TBepAXeHHS 1.1. ToOMy L0 X yMOBY 3af0-
BOJIbHAE MOCAILOBHICTL ({n)™=a- OTxe, sp{zn:n € N} MNTi{BLI) = {0}.

TeepaxeHHa 1.4. Hexait X —HopmosaHuit npocTip, (yn)™H, (zn)\ ~ nocnigoBHOCTI
NiHIAHMX HenepepBHUX (YHKLioHanis yn,zn € X*, Taki wo {yn:n €N} Csp{zn:n EN}
[ SURI Iv.,0] >0 gn4 Beix x € X. Togi suRI\zn(x)\ >0 panda Beix X € X,

ng nel

[osegeHHs. Hexain sup|zn(r)] = 0 ana geskoro x € X, 10610 zn(X) = 0 Anqa Bcix n € N,
neN

3ayBaXmnmo, Wwo MHOXUHa L = {y € X* :y(x) = 0} € r«*-3amkHeHoio B X*. Tomy {yn . n €
N} C sp{zn:n € N}W C L Omxe, yn(x) = 0 gnsa BCix € N, WO Cynepe4ynTb yMOBI. O

2 OCHOBHUW PE3Y/NbTAT

Teopema 1. Hexait X —HopMmoBaHmii npocTip, B —oanHnyHa kynqa B X, (y,,)" i —w*-
30iXKHa L0 HYNs NOCMIfOBHICTbL (PyHKLUioHaniB yn € X*, Taka wo sp{yn my € N} NE(/i) -
{0}. Toai mHoxuHa M = {yn :n € N}° ¢ AP-MHOXWHOI0.

LosepeHHa. TMokaxemo, wo (M) C sp{yn:n € N}.
Hexain yo ¢ 0, b € Z(M). Be3 0OMexeHHs 3arafibHOCTI MOXEMO BBaXaTW, LD

supyo() = |supyOE)| = 1 Ockinbkm yo € X(M), TO icHye enemeHT X0 € M, Takuii
XEM xX€M

Lo Yo(xo0) = L



Ockinbkn O(X)] < 1 gng Bcix X € M, 1o y0 € M° = {yn . n € N}°°. 3rigHO 3 Teopemoo
npo 6inonapy, MHOXKHa {yn : n € N}°° € ro*-3aMKHeHOHO abCOMKOTHO OMyK/I0K 0BO0/IOHKOHO
MHOXMHUM {yn :n € N}, 10670 yo €Ecc{yn:n € N}'V* = B.

Moknagemo N = {n EN: |[IZ00] < |} i M= {m € N: |y, x0)] > \} Ockinbkn
¥n(xo) 0, TO MHOXMHa N2 — cKiHYeHHa. lMoknagemo A\ = cc{yn:n ENy} 1 /12 =
ce{yn :n € N2JW = cc{yn : n € N2}

MosHaunmmo A = {Adl + pa2 : ax € Ar,a2 € N12, 1 + Y\ < 1} i nokaxemo, wo A =
cc(/l] UA2) = B.

3ayBaxumo, wo A C cc(JTli UN2) C cc(ArUA2) = B. Kpim TOro, OCKilbKM MHOXMHM
A\ i A2 —abCosOTHO ONYyKAi, TO | MHOXMHA A € abCoNMTHO onykoto. Tomy cc(JTin/12) = A
3amMLnIoCh MOKasaTu, WO MHOXUHA A € «/-3aMKHEHOIO.

Po3rngaHemMo HenepepsHe BifOOpaxeHHs ¢ @ (X* w*) x (X* w*) x E2 —(X*, ru*), ake gie
3a npasunom @(x, Yy, (A, 1)) = \x + <. 3rigHo 3 Teopemoto Anaorny-bypbaki, MHOXMUHK A\
I A2 ¢ KOMNakTHUMK B (X* w*), a MHOXMHA S —{(X ) €ER2: W + Ml < 1} - KOMNaKTHa
BR2. Tomy MHOXMHA A = @(A\ X A2 X S) € KOMNaKTHOO, 30Kpema r<;*-3aMKHeHOH B X*.

Takum unHom, yo € A Togi yo = Ayi  lIfjeige 4 ~ 2€ A H-FEM ™ L Ockinbkn
IV(rO)] < 5panaBcix g € Nii x| < 1Anascixg € 12, o |[#AO)] < § i1 13ro)! < 1
Mokaxemo, wo A= 0. Maemo 1 = |yo(*o)] = |Avi(X0) + p*ONo)! < |A]lyixo)] + N1YT70)! <
N-\+M-1<1- Omke, A=0iy0oe A2=cc{yn :n € N2} C sp{y,, : T € N}.

Tenep, ockinbkn sp{y,, :n € N} MZ(B) = {0}, to (M) M= (5) = {0}, a, omke, M —
AP-MHOXWHa. O

Teopema 2. Hexai (yn)™1 —w*-36i>KHa 40 HYNA NOCAIJOBHICTL (yHKLUiA yn € LA, Topi
iCHye cenapabenbHa MHOXMHA B € L. Taka wo mHoxuHa {yn :n € N} C B i MHOXUHA
M —B° ¢ AP-MHO0XHHO0t0 B L\. 30Kkpema, AKL,0 ?_LEjﬁlly,,(.T) |>0p4naBcix X € X, ToMHOXMHA

M ¢ pagianbHo 00MeXEeHOH.

[osefeHHA. 3rigHO 3 TBepMKeHHAM 1.3 icHye MmocnifoBHICTb (zn)™H To4yoK zn € Loo, Taka
wo zn -*>0, sp{z,, :n EN} MNA(BLI) = {0} i {yn:n €N} C cc{zn:n € N}™. Noknagemo
B —cc{zn :n € N} . 3ayBaxumo, wo M = B° = {{n:n € N} = {In :n € N}°. Togi,
3rigHO 3 TeopeMoro 1 MHOXWHA M € AP-MHOXWHOIO B L\
Mokaxemo, Wo M € pagianbHO 06MeXeHor. CnoyaTtky 3ayBaXMMO, LU0 pajiaibHa 0bme-
XEHICTb MHOXMHM cc{{n : n € N}° piBHOCU/IbHA TOMY, LU0 Sléﬂ la..)] > 0 gns BCix
n

X € X. Tenep, OCKi/IbKM ?E]Q/’y”(x)l > 0 gna Bcix X € X, TO 3rijHO 3 TBepAKeHHam 14
?(UBRIW(X)\ >0 4/ BOX XE X. O

HacTynHe TBep[)XEHHS MNOKa3ye, LU0, BUKOPUCTOBYHOUM OMUCAHY BUMLLE KOHCTPYKLHO,
ofepxatu oomexeHy JIP-mHOXUHY M B npoctopi L\ He MOXHa, agxe npocTip L\ He MOXHa
i30MOpOHO BKNacTn B npocTip G

TeepaXeHHa 2.1. Hexain X - 6aHaxis npocTip, (yn)A=L ~ w*-36i>KHa 40 HyNd Nocnigos-
HiCTb yHKUIA yn € X* i M = {yn \n € LLL°. Togi, AKwo M —obmexeHa, To X i30MOpQHO
BKNnagaeThea B

[osegeHHs. O3Haummo onepatop T @ X —(0 HaCTyMHUM YAHOM
X 3 xM(yi(x),y2(x),...) =Tx.

OCKinbKn yn 0, TO yn(x) n—_}ﬂ>)0 Ans BCiX x € X, a, oTKe, TX € cOANna BCix X € X,
3po3syminio, wWo onepatop T — MiHIHWIA. Mokaxemo, WO onepatop T — HerepepBHUIA.
3ayBaXnmo, Lo 3rifHO 3 NPUHLMNOM PiBHOMIPHOI O6MEXEHOCTi MOCNIAOBHICTb (ym)n=n ~
obmMexeHa 3a HopMoro. Be3 obmexeHHs 3aranbHOCTI BBakatumemo, wo |hJl < 1 ans ko-
xHoro n € N. 3adpikcyemo x € X. Togi ||TXJ® = IKy™XK), y2(x), ..)]Jo = smIJ_;i) v (X] <

StIJID IDAL - IKIE < IMI- Omxe, |IT]] < 1i onepatop T —HenepepsHWiA.
Hexah C > 0 Take, wo |Ml < C and koxHoro x €M = {{ € X :sup|yn@@] < 1} =

{{ €X : \\IAXD < 1} Tomy |[TZ|® > NN\ gns koxHoro { € X, To6T0 T - 06MeXeHWiA
3HM3y. OTxXe, T - i30MOpHHe BKNALEHHS. O
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MPO HABIMXXEHHSA HAPI3ZHO | CYKYMNMHO HEMEPEPBHUX
dYHKLLIN

BonowwnH I.A., MacntoueHko B.K., MacntoueHko O.B. Npo HabamMd>KeHHA Hapi3HO i CyKymnHo
HenepepBHUX (UYHKLUiN // KapnaTcbKi matematnyHi nyo6nikauii. —2010. —T.2, N2 —C. 10-20.

JocnipkyeTbcs npobnema: AKi 3 BCOAW LWiNbHUX NignpocTopiBe L 6aHaxoBOro npocTtopy
C(Y) HenepepBHMX Ha KOMNakTi Y ¢QyHKUili | TononoriyHUx npoctopisa X MakoTb Ty BAacTu-
BICTb, LU0 AN KOXHOT HApPi3HO YK CYKYMHO HenepepsHOT hyHKLUIT / : X X Y —LllicHye Taka no-
CnifoBHICTb Hapi3HO abo CYKYMHO HenepepBHUX OYHKLIA /,, : X XY —R, wo = /,0K )€ L
ans poBinbHUX N € N, X € X, i /* =4 }x Ha Y AN KOXKHOro X € X ? 30Kpema 3’AC0BaHO: Konu
npoctip C(Y) Mae 6a3uc, ToO KOXXHa CYKYMNHO HenepepBHa oyHKUis / : X XY -> R Ma€ CyKynHo
HenepepBHi anpokcumauii /,, TaKoro pogy.

1. Bnepule HabnMxeHHA HapPI3HO HenepepsHOI pyHKLiT / : R2 —R 3a fonomMororo cykynHo
HenepepBHMX (PyHKUiA /,, : R2 —R, 4Ki € KyCKOBO NiHIAHUMM BiHOCHO APYroi 3MiHHOI,
po3rnaHys A. Jleber' y cBOiil nepLuiii ApykoBaHiin npaui [10], Ae BiH BCTaHOBMB, LU0 KOXHa
Hapi3HO HerepepBHa UYHKUiA / : R2 —mR HanexuTb JO nepuoro knacy bepa. M. Llyaxi
[15] 3ayBaXKuMB, LLO KOHCTPYKLitO Jlebera MoXxHa 3acTtocyBaTu Ans AOBeAeHHS TeopemMu bepa
NP0 MPOEKLiH0 MHOXMHW TOYOK PO3pPWBY Hapi3HO HenepepBHMX (OYHKUiA. Y npaui [1] 3a
[OMOMOrOH0 MHOrO4/1eHiB BepHLUTeiHa 6yn10 NoKasaHo, L0 A1 KOXHOI Hapi3HO HerepepBHOI
tpyHkuii / : [0.1]2 — R icHye Taka NOCMILOBHICTb CYKYNMHO HenepepBHUX i NONIHOMiaNbHUX
BIAHOCHO Apyroi 3mMiHHOT oyHKUin /n: [0,1]2 R, wo fx(y) = fn(x,y) =B f(x,y) = fx(y)
Ha [0,1] npn n —00 Ana KoxHoro x € [0,1].

Micns uporo CTano 3p03yMino, LUO KOXEH MeTof anpoKcumalii HermepepBHUX (DYHKLRA
MOPOMKYE BiAMOBIAHY 3afjayy MPO HabBAVKEHHS Hapi3HO HenepepBHUX COYHKLINA, i, TaKUM
YMHOM, BUHMKAE 6araTto NuTaHb, AKi MOB’A3YIOTb TEOPIKO HAO/IMXKEHb 3 TEOPIEHD HAPI3HO Hene-
PePBHUX (PYHKUIN. Pe3ynbTaTn AOCMILKEHHS LUX NUTaHb JOMOBIAaNINCA HA TPbOX HayKOBUX
KOH(pepeHuisx [12, 3, 2], apyromy BceykpaiHCbKOMY maTeMaTU4YHOMY KOHrpeci [5], akage-
Mii, npucesyeHiii FO. Laygepy, y J1bBiBCcbKOMY yHiBepcuTeTi (25 BepecHs 2009), HaykoBOMY
ceMiHapi 3 Teopii OYHKUIN i PyHKUIOHANLHOrO aHanisy B UepHiBeLbkoMy yHiBepcuteTi (15
2000 Mathematics Subject Classification: 54C30, 65D15.

KnwouoBi cnoBa i dopasn: Hapi3HO i CyKYMHO HemepepBHi YHKLiT, HabNVMXKEHHA HApPi3HO | CYKYMHO Hernepeps-
HUX QOYHKLINA.
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XOBTHA 2009) i cemiHapi “CyyacHi npobniemy Teopii MMOBIPHOCTI | MaTeMaTUYHOro aHanisy”
y BopoxTi [7, 4], opraHizosaHoMy [MpukapnaTtCbKUM YHIBEPCUTETOM.

Y uii npaui My 06roBoproeMO MpobneMun, MOcTaB/eHi B [7], PO3LLMPHOEMO X CMMUCOK i
[AaEMO [0BefleHHS TeopeM, chopMynboBaHUX Yy [7, 2].

2. [nga TononoriyHoro npoctopy Y cumBonom C(Y) MM Mo3Ha4aEMO MPOCTIP YCiX Hene-
PEPBHMX AINCHO3HaYHMX QOYHKUIN o : Y — R, a cumonom CP(Y) — uein xe npocTip,
HafliNeHNn TOMO/Orietd MOTOYKOBOI 36DKHOCTI, L0 MOPOMAXKYETHCA CYKYMHICTIO MepeaHOPM
Q(3) = \My)\, ze Y npobirae MHOXMHY Y [8, ¢.30).

Hexali X — we oguH TononoriyHuiA npoctip. Ana dyHkuii / : X x Y -> M i Touku
oky) € X x Y noknagemo fx(y) = fy{x) = fix,y):- ®yHKUid / Ha3MBAETbCA HAPi3HO
HenepepBHOH, AKWO doyHKLT f XY —R i fy : X —mR—HenepepsHi Ana fOBINbHUX X € A
iy €Y. CyKynHicTb YCiX Hapi3HO HenepepBHUX UYHKLIA / @ X x Y —R M/ NO3HA4aeEMO
cumBosiom CC{X x Y).

KoxHi doyHKUiT / : X XY —>R nocTaBMMO Y BigNoBiAHICTb BifobpaxeHHs ¢ : X —Rv,
ang akoro ¢(x) = fx gna koxHoro x € X. Mpo @ KaxyTb, WO Ue — acoyinosaHe 3 /
Bif0OpaXKeHHA abo BepTUKaNbHE po3wWwapyBaHHA yHKUIT /.

Teopema 1. Hexat X i Y —vononorivwi NPOCTOPN i @ —BepTMUKA/bHE po3lIapyBaHH4
GyHkuii / : X x Y —R. Togi HacTynHi yM0BM eKBIBANIEHTHI:

(i) /7 €CC{X xY);
(i) ¢{X) ¢ C{Y) iBigobpaxeHHs @ : X — CP(Y) —HenepepsHe.

LosegeHHs. (i)=r>(ii). Hexan / € CC(X x Y). Togi And KOXHOro X € X 3a 03Ha4yeHHs M
o(x) = fx€C(Y), orxe, 0(X) C C(Y). MNMokaxemo, Lo BigobpaxeHHs ¢ : X —CP(Y) —
HernepepBHE B KOXHIM Touui X € X mBachikcyeMo sKycb ToUKy X03 X i po3rnaHemMo 6a3vcHWiA
okin V 1oukn 0 = @{x0) ¥ npoctopi CP(Y), WO cknagaetbecs 3 ycix To4oK j € CP(Y), ana
AKNX

fé%axn \g(yk) - YK\ <,

ge Yi,...,yn €Y ie¢ > 0. Ockinbkn BCi pyHKUii fyk npy K = 1, .0 HenepepsHi B ToYUi
X0, TO iCHY€ Takui1 okin U Toukm X0 B X, WO ANS A0BiNbHOrO X € U i KOXHOro K = 1,.... 1
BUKOHYeTbCA HepiBHICTb Myk(X) —f yk{o)\ < ¢- Hexain x € U i § = @{)). Toai ANd KOXHOro
K=1,...,n

1<) - B(yi)1= VE6*) - 750X 1= V,.(*) - /(o) <,

oTXe, 4 € V. Takum umHowm, ip(U) C V, Wo i fJae Ham HenepepBHICTb BiLOOPaXEHHSA @ Y
Touui XO0.

(i)=P-(1). 3 ymon @(X) ¢ C(Y) sunnameae, wo fx € C(Y) ana koxHoro x € X. Oue-
BUAHO, O A8 KOXHOro y €Y doyHKuioHam § : CP(Y) —R, §(g) = 4(y) —HenepepsHi.
Tomy 3 HenepepBHOCTI BifobpaxeHHs @ : X —>CP(Y) HeraiiHO BUM/AMBAE HEMEPEPBHICTb BCiX
byHkuin fy : X-> R, agxe fy =3dv0¢, 60 (dvo @)(X) = ov(o(x)) =fx(y) = fy{x). O



3. [And komnaktHoro npoctopy Y cumsonom CUY) MM no3Havaemo 6aHaxiB npocTip
(C(Y), I-11), ge -1 —piBHOMipHa HopMa Ha C(Y), WO BM3HAYAETHLCA PIBHICTIO

IMI = yearlx\,u,(y)\-

Ans TononoriyHmx npoctopis X i Y cumBonom C(X X Y) MU MO3HAYaEMO NpocTip yciX
CYKYMHO HemepepBHUX (oyHKUIA /7 : X X Y —M, T06TO (PyHKLIA, AKi € HEMEPEPBHUMM Ha
TononoriyHomy fobytky X x Y. AcHo, wo C(X x Y) C CC(X xY).

Teopema 2. Hexail X  Tomonoriunmii NpocTip, Y —KOMNaKTHWA NpocTip i ¢ BepTYH-
KanbHe po3wapyBaHHa yHKLUiif : X xY -» LI Toai HaCTynHI yMOBM EKBiBANEHTHI:

(i) /e C(XXxY);
(i) o{X) Q C(Y) iBigobpaxeHHa @ : X == CUY) —HenepepsHe.

[osegerHs. (i)=>(ii). Hexah / € C(X x Y). Togi / €CC(X x Y), onxe, §(X) C C[Y) 3a
Teopemoto 1.

JloBegemo, o BigobpaxeHHs @ : X —CUY) —HenepepsBHe. Hexain X0 € X i e > 0.
OcKinbKkn QyHKUiS / —CYKyNnHO HenepepBHa, TO 415 KOXHOro y € Y MOXHa 3HainTu Taki
BigKpUTI okonm Uy Toukn X0 B X 1\ Toukn y B Y, WO

F(u,v) - f{{xQy) 1<,

AK Tinbkn (u,v) € Uy x . Cuctema { :y € Y} —LUe BifKpUTe NOKPUTTA KOMMAKTHOrO
npoctopy Y. ToMmy iCHYtHOTb Taki TO4kM y\... ,yn, IO
M

y = L K-
k=i
Moknagemo U = fi]:| Uyk- 3po3ymino, wo U —ue okin Touku ,T0y npoctopi X. Hexan TE€ U
iy €Y. 3Harigemo Takuin iHgekc k=1 ,...,n, woy € Wk. Togi

\fX(y) -0\ = | /(-Ty)-Z(xoy)| < \f(x,y)-f(x0,VK)\ +\f(xo>Vk)-f(x0,y)\ < \+\ =
60 x i x0 BxogaTh B Uyk, ay € k. Towmy i

) - 2X9ll = Mmax \ix(y) - T{Y)\ <e,

AK TiNbKN X € U, a ue i Aae HaM HenepepsHICTb @ Y Touui XO0.

(i)=d-(i). Hexan @(X) C C{Y) i BigobpaxeHHs ¢ : X —mCUY) — HenepepsHe. Po3-
FNAHEMO TOUKY po = (X0,y0) € X X Y i foBefemo, WO dpyHKLia / HenepepsHa B TouLj pO.
Ana paHoro € > 0 3Harigemo Takuil okin U Toukm x0 B X, wo \\KX) —<Y9|] < |, sk
Tinbkn X € U. CKopuCTaBLLMCL HenepepBHICTIO dyHKLiT /x° 1Y —K y Touuj yo, 3Haligemo
Takmid okin V 1oukm jO B Y, wo [x(y) - fxX{yo\ < f, ak Tinbkn y € V. Togi Ans TOYKK
p=(1y) €U X Vbygemo matu

I/(p) - /(PO)| < Iix,y) - f(xo,y) I+ \(xo0,y) - f(xo0,yo)\ =

Fx(y) - fxo@y)\ + I xofy) - X0\ < Ik(x)- U(xON\+ 1 <,
Lo i fjae Ham HenepepsHicTb / y Touwi pO. O

4.  Onsa nignpoctopy L npoctopy C(Y) noknagemo
CL(X xY) ={/€CC(X xY) :0(X) C L},

A€, K i paHiwe, @ —acouiioBaHe 3 / BiJOGpaXeHHS.
Hexail Y —komnakTHWIA npocTip i L —Bctoan winbHuin nignpoctip CUY). Po3rnsHemo
Taki npobnemu:

Mpobnema | /1'/. Ana akux nignpocTtopis L Ansa KoxHoi cpyHkuii /7 € CC(X x Y)
iCHye nocnigoBHicTb GoyHKUin /N € CL(X x Y) /fn € CL(X x Y) MNC(X x Y)/ Taka, WO
—/x 8 CUY) ana koxHoro x € X1

Mpobnema 11 /11I'/. Ana akux nignpoctopis L ang koxHoi dyHkuii / € C(X x Y)
iCHYe nmocnigoBHicTb pyHkuin fn € CL(X x Y) MC(X x Y) //,, € CL(X x Y)/ Taka, Wwp
fn  fxs CUY) ana koxHoro x € X1

HenepepsHe BigobpaxeHHs ¢ : X -> CP(Y) /¢ : X —CUY) | Ha3BemMO p-HeMnepepsH:um
/v-HenepepsHUM/ BifobOpaxeHHAM. 3 TeopeM 1i 2 BUNAMBAE, LLUO P-HEMepepBHi BifobpaxeH-
H# Bi4NOBIJal0Tb HAPI3HO HernepepBHNUM (PYHKLIAM, a U-HenepepsHi —CyKYMHO HenepepBHUM.
Tomy BKa3aHi NpobseMn MOXHa nepeddOpMy/tOBaTU B €KBIBAJIEHTHOMY BUINAAI Tak:

Mpo6nema of. Hexah a = p,u, B = p,u. 4nd 9kux nignpocTopis L Ang KOXHOro
0-HerepepBHOro BigobpaxeHHs @ : X —C{Y) icHye nocnigoBHicTb /3-HenepeBHNX Bigobpa-
xeHb gn 1 X —L Taka, wo ¢n(x) —=0{x) 8 CUY) Ha Xl

TakuM 4MHOM, MOcTaBfeHi cnoyatky npo6nemu I, 1, 11, 1I' piBHOCWAbHI BiAMNOBIAHO
npo6nemam pp, pu, uu, up.

BukopucToBytoum akciomy Bmbopy i ymosy L = CUY), nerko gns A0BiNbHOIO Bigobpa-
XeHHa ¢ @ X — C(Y) nobyaysatu NOCNILOBHICTb BigobpaxeHb @n : X —> L Takux,
wo on(x) = u(x) B8 CUY) Ha X- A OT UM MOXHa AN KOXHOro P-HEernepepBHOro um u-
HerepepBHOro BifgobpaxeHHs @ : X —C(Y) 36epertv npu nobygosi anpoKCUMYOUNX Bifo-
6paxeHb Yn : X —L Tvn i1oro HenepepBHOCTI abo MOro NiaCUAUTA Y NOCNabuTm —oLe i €
CyTb Hawmx npo6nem 7/, 1', 11, 11"

Hexain 3HoBy a = p,u, B = p,u i L —nignpoctip CUY). Mu 6ygemo roBopuTy, LLO
L —ue Oif-npocmip ana npoctopy X, AKWO 418 KOXHOrO 0-HEMepepBHOro Bif0OpaXeHHs
@ : X —C(Y) icHye nocnifoBHicTb /3-HemepeBHUX BifoOpaxeHb @n . X —> L Taka, WO
Un{x) = U{x) 8 CUY) Ha X. Takmm umHOoM, npobnema af nonsdrac y Tomy, LIOO AN
TOMNO/OMNYHOro NpocTopy X i KOMMNAKTHOro npoctopy Y onwucatu BCi a/3-npoctopy ans Xy
cuy).

5. Ona a =p,miB =p,n HenepepsHuin onepatop A : Ca(Y) —OB(Y) M1 HazmBaeMO
af-HenepepBHUM. TakMM YMHOM, MU OJEPXYEMO HOTUPWU TUMK HEMepepBHOCTI OMepaTopis
A :C(Y) —=C(Y). BoHK nos’a3aHi MiX COOOH TaKUMW iMMNIKaLiaMU:

pU-HenepepBHICTL =$>pp-HenepepsHICTb

MU-HEMNEPEPBHICTb => NP-HENepepBHICTb



Lle HeraiHO BMNMBAE 3 TOro, WO TONoNOoris Ti piBHOMIPHOI 36XKHOCTI Ha npocTopi C(Y),
T06TO TONosnoris npoctopy C,,(Y) maxopye Tonosoritd Tp NOTOYKOBOI 36iXHOCTI Ha C(Y),
T06TO Tonosnorito npoctopy Cp(Y).

Hexain X i Y —Tononoriyni npoctopn, / : X X Y —mR —HenepepsBHa BiAHOCHO ApYyroi
3MiHHOI pyHKuis | A mC[Y) => C(Y) —peskuidi onepatop. Togi hopmynoro

i{x.y) = (Afx)(y)

BM3HAYaeTbCA fesaka PyHKLia § : X X Y -> R, dKa Tex 6yae HernepepBHOKO BiJHOCHO ApYroi
3MiHHOI. Hexain @ : X -» C(Y) iy : X -» C(Y) —BigobpaxeHHs, acoLiioBaHi 3 yHKLisMHN
/ i} BignosigHo. Togi

h(x) =ax=Afx=1("(x))

AN KOXHOroO X € X, 10670 § = Ao ¢. TOMy Ha OCHOBI Teopem 1 i 2 Ta TeopeMu Mpo
HernepepBHICTb KOMMO3WL,ii OTPUMYEMO HACTYMHUIA pe3ynbTar.

Teopema 3. Hexait X —T0ononoriyHnid npocTip, Y —KoMnakTHWUA npocTip, /1 x Y ->M
(yHKLUiA, HenepepBHa BIZHOCHO Apyroi 3miHHoi, A : C(Y) —=C(Y) —onepaTop, i N4
Xe X,yeY
a(x.y) = (N/7*)(y).

Togi:
a) / €CC(X xY) i A—pp-HenepepBHuit =pg € CC(X x Y);
6) /€ECC(X xY) i A—pu-HenepepsHuit =mg € C*(X x ¥);
B) /€ C(X X ¥Y) i/l —np-HenepepsHuit =g €CC(X x Y);
r) /e C(X xY)iJl —uu-HenepepBHuit =g €C(X x Y).

6.  MocnigosHicTe onepatopis Jin : C(Y) —L Ha3MBaeTbCa anpoKCUMYUo0l AN Mignpo-
ctopy L npoctopy C(Y), akwo J1,,y =>y B C,,(¥) ana koxHoroy € C(Y). 3 akciomu Bubopy
HeraiHoO BUMMBAE, L0 AN KOXHOMO BCOAM LifbHOro nignpoctopy L npoctopy CUY) icHye
anpokKcuMmyroYa nocnigosHicTs oneparopis Jin: C(Y) —L

AMpoKcMMyo4vy nocnifosHicTb onepatopis Jin @ C(Y)—=m L My HasuBaemo af3-
anpokcumytoyoto ang L (a, B =p,n), 9KWO BCi BifobpaxeHHA J1,, € a/5-HenepepBHUMM.

Hexain s — ofHa 3 KombiHaui pp, pu, uu, up. Mignpoctip L npoctopy C(Y) mu
Ha3MBaTMMEMO as-NpocTOPOM, AKLWLO ICHYE SanpoKcMMykoYa MOCMIAOBHICTL OnepaTopis
AnmC(Y) = L

Teopema 4. Hexal Y — komnakTHuil npocTip i L — nmignpocTip npocTopy C(Y) i
s € {pp,pu, up, uu}. Togi HaCTyNHi BNACTMBOCTI PiBHOCU/IbHI:

() L ¢ us-npocTopom;

(i) L € S-npocTOopOM A/1A KOXHOT0 TOMOMOTiYHOTo npocropy X.

LoseneHHa. ()=> (ii). Mpunyctumo, wo L —ue as-npocTip i X —A0BiNbHMIA TONONOTIYHWI
npocTip. Togi iCHye s-anpoKCUMyroYa NOCNifoBHICTL onepatopie An : C(Y) — L [Ans
yHkuii / € CC{X x ¥) po3srnaHeMo pyHKUii fn : X X Y —R, 9Ki BU3Ha4atOTbCA TaK:

fn(x.y) = (Anfx)(y).

AcHo, wo fx = Anfx—fx B Cu(¥Y)ana koxHoro x € X, npuyomy f x € L And KOXHOro

n. dkwo 7/ € CC(X X Y) 1S —uUepp um pu, TO 3rigHO 3 TEOPemMoK0 30TPUMYEMO, LD

fn€CC(X xY)umfn€C(X x ¥Y) BignosigHo, omxe, L - ue s-npoctip ana X. AKW0 X
/ €C(X XY)is=wun abo up, To 3HOBY 3 Teopemn 3 Bunameae, wo fn € C(X x ¥Y) abo
/,, € CC{X x ¥) BignoBigHO, OTXe, | TYT L € S-NPOCTOPOM.

(ii)=" (i). Hexain HaBnaku L € S-NnpoCTOPOM A/11 KOXHOIO TOMOMOMYHOro npoctopy X,
ges =af, a =paboun i =pabou Tog ANA KOXHOrO a-HenepepBHOro BifOOPaXKEHHS

9 : X — C(Y) icHye MOCNifoBHICTL /9-HenepepsHUX BiJOOPaXeHb @I : X—L Taka, Lo

Yn{9) ¢{9) Ha Xy npoctopi CU[Y). Bisbmemo 3a X TononoriyHuin  npoctip CQY).
ToTtoxHe BigobpaxeHHs @ : X —C(Y), ip(g) = ¢, 04eBUAHO —«-HerepepsBHe. ToMy iCHYye
Taka NOCNiJOoBHICTb //-HemepepBHUX BigobpaxeHb ¢n : X —L, wo () —g 8B CUY)
ans koxHoro g € C(Y). Onepatopu Jin: C(¥Y) —L, N,y = (g), € a/3-HenepepBHUMMA i
Nng g B Cn(™) Ops koxHoro ¢ € C'(Y). Takum umHom, (JTn)”™, - ue n'/?-anpokcmumyrova
NoCNiJoBHICTb And L. O

BignosigHO 4o npo6nem af 3 n.4, 4N KOXHOro s = pp,pu, U1, up rnocrtae

Mpobnema Ills. docnigntn, aki Bcrogn winbHi B Cu(Y) nignpoctopn 6yayTh as-
npocTopamn?

BBefieHi Yy LbOMY MYHKTI Knacy npocTopis L nos’a3aHi MiX CO60K TakKMMW IMMJTiKaLiSMW:

L —apii-npocTip => L —1pp-npocTip

L —auun-npocTip = L —anp-npocrTip

Y 3B’3KYy 3 LM MOCTaE i HacTynHa
Mpo6nema I'V. Yu BipHO, IO iHLIMX 3B’A3KIB MDD aS-MPOCTOpaMn, OKPiM BKasaHUX Ha
CXeMi, He iCHye?

7. Hasegemo feski npuknagn anpokcrmMyroumx NochigoBHOCTEN OnepaTopis.

Mpuknag 1. OnepaTopu BepHwTeilHa
= (E) YN~yTl -k
71=0 AT

YyTBOPKOKTb PU-anpPoOKCUMMYYUY NOCAILOBHICTL N4 nignpocTopy P BCiX anrebpaiyHux noni-
HomiB y npocTopi C[O,1] (ams. [1]).



Mpuknag 2. Hexait M —nignpocTip C[0,1], WO CKNagaeThea 3 YCiX HEMePepBHUX KYCKOBO-
NiHIAHMX QYHKLIA h : [0,1]] —R. CniscTaBumo KoXxHI yHKLii g € C[0,1] dyHKyito h =
Ang € M, rpadikom sKo0i ¢ namaHa 3 BepwnHamu B Toukax (%,4 (*)) >te k=20,1,... ,n.
Jlerko nepegipuTi, wo (An) = —Iue pu-anpokcumyroya nocnijoBHIcTb N4 nignpocTopy M.
Taka nocnijoBHICTb (hakTuyHo posrnqaganacs s [10], [15].

Mpuknag 3. MMosHauumo cumeonom CAr 6aHaxiB NpocTip HemepepBHUX 2TX-NepiognyHnX
QyHKYid g : R — R 3 Hopmow [l = max \g(t)\. Hexaii § = {L €C : X\ = 1} —0ANHUNYHe
K00 Ha naownHi C. AKwo cniscTaBnT KOXHIA QyHKLiTh € C(8) dyHkyit g = Uh € C2n,
ana akoi g(y) = li(ery) gna y € LW 1o mu oTpumaemo isomeTpito U : CUS) —C2n. Lig
130MeTpifa f03B0NA€E 0TOTOXHUTY npocTip CC(X X §) 3 npocTopom CC2n(X X R) HapisHo
HenmepepBHUX 2TT-NEPiOANYHUX BIJHOCHO APYroi 3MiHHOT yHKUiA / : X X R —=R, a npocTip
C(X xS) 3 signosigHum nignpocTopom npocTopy CC2n{XxR), 10 CKNAfAETHCA 3 CYKYMHO
HemepepBHUX YHKLIA / : X XR -» R, Tomygns nignpocTopis npocTopy C2n1 MOXHA BBECTU
T x NOHATTA, 1wyo i AN4 nignpocTopis npocTopy C,,(8), AK Le MU pobunn paHile.
30kpema, nocnifoBHICTbL onepaTopis [XXekcoHa

1
(Ing)(y) = — 119 (W knfy - yK),

fc=0

t(m)1
Oe Ye = 1 WK = 11 | si%(ﬁ? ) ~ agpa ®eiiepa, € pu-anpokcUMyY0o AnA nignpo-
cTopy T BCIX TPUrOHOMETPUYHUX MOMTHOMIB Y npocTopi 02m.
Ane BXe NocnijoBHICTb onepaTopi Penepa

€ iW-anpoKCHMYUO0 Ans T, ane He pp-anpoKCUMYKU0K, & 3HAYNTb, i He pU-anpoKcuMylo-
yor gnqa T. Ll pesynbTaTn 6ynu aHoHcosaHi y [4] igoBegeHi B [6].

8. 3aponomoror 0asncy Pabepa-Llayaepas Cufp,1] i TeopeMun Npo 6/1n3bKi 6a3ncK MOXHA
poss’azatu npo6nemy ///,,, pns npoctopy C[0, 1].

Haragaemo, 6a3nc ®abepa-LLaygepa npoctopy Cu[0,1] 6ygyeTtbca Tak [14, c.31]. Ko-
)XHOMY [BiliKOBO-paLioHanbHOMY umucny r = LWWiir, e n € Ni k —1,...,2M 1 cniscTa-
BMMO KYCKOBO-AiHINHY doyHKUito YT : [0,1]] —=R, rpachikom fKOi € namaHa 3 BepLUMHAMM
(0,0), (EV,0), (~,1), (pT,0) i (1,0). Kpim Toro, posrnaHemo cpyHKuii ip0(y) =1 -vyi
ipxiy) —y. MepeHymepyeMo Yci [BiliKOBO-paLioHanbHI Ymcna 3 Bigpiska [0,1] 3a ix paHramm
Y MOCNIJ0BHICTb

1131357
172747478888 "’

i No3HaunmMo 4Yepe3 rk —k-Tuin uneH wiei nocnigosHocTi. Hexaldh gk = @i 1 npn k € N. Togi
nocnigosHictb (<Afo)fdi —ue 6asmc y npoctopi C,,[0,1], AKnid Ha3mBaeTbea 6asncom Pabepa-
Lilaygepa.

ABa 6asmcn (xK)™L i {ykkL\ Y 6aHaxoBmx npoctopax X i Y BignoBigHO Ha3MBakOTLHCA
eKBIBASIEHTHUMM, AKLWLO iCHYE Takmin i3omoppiam U : X —Y, wo Uxk = YK Ana KoXxHoro
K.

Ham notpi6Ha 6yae HacTyrnHa Teopema npo 6/1m3bKi 6asncun [11, ¢.5].

Teopema 5. Hexail {XKkLi ~ HopmoBaHuii 6asuc y 6aHaxoBomy npocTopi X 3 6a3nCHOK

KoHcTaHTOo K 1 (YKKL\ ~—~nocnigosHicTs BEKTOPIB 3 X, ona akoi Z 1\\>d<—ykll < ... TOf
K=
J{WKL Lk 6asuc B X, akuit ¢ ekianeHTHUM 6asncy {xk)kLi-
MoBHe po3B’a3aHHA npobnemun ///,,, (a 3HaunTb i I1np) y npoctopi C[0,1] fae HacTynHa
Teopema.

Teopema 6. KoxeH Bclogn winsHuit 8 Cu[0,1] niHiiHniA nignpocTip L € auu-npocTopoMm.

[osegeHHs. Hexain igk)"=1 —6a3nc dabepa-Laygepa B Cu[0,1], a K —i1oro 6a3ncHa KoH-
cTaHTa. Po3risHeMo niHiHWIA nignpocTip M npoctopy C[0,1], WO cKNagaeTbCs 3 yCiX He-
MepepBHUX KyCKOBO-MIHIMHMX (PYHKLiA. 3pO3yMino, WO Ak € M AN8 KOXHOro k. KoxHa
thyHkuisa g € C[0,1] eAMHUM YMHOM 306paxaeTbea y BUTNAL

(e]e]

g =" ck{n)a,
K=1
ae pag 36iraetbed y npoctopi C,,[0,1]. NiHiiAHi doyHKuioHann ¢k : C,[0/T] -> R, fk gobpe
BifomoO [11, c.7], € HenepepBHMMW (HaBITb p-HenepepeHUMU [14, €.32[), a TOMY onepaTopu

&9 " (KA
K=1
€ (///-HenepepsHuMK (i HaBITb p?/,-HenepepsHUMK), Npuyomy imSn C M i Sng —g B Cn|(). 1].
Hexali L —Bcrogn LWinbHWUIA NiHiiHWMIA nignpocTip npoctopy Cu[0,1]. AN KOXHOrO Ho-
Mepa K iCHye Taka pyHkuid fik € L, wo

19 k - h kW < 2 n

TO'D'I 00 00 1 1
S0/ M NYAXHK ~ 2K
K=l K=

Tomy 3a Teopemoto 5 nocnigosHictb ihk)=l—uc 6asuc BC,,[0,1], AKWMiIE eKBiBAIEHTHUM
6asucy (gk)kLim Btakomy pasi icHyeisomopcpiam U : Cn[0,1] —€,,[0,1] Takuin, wo Ugk = hk
AN15 KOXHOTO K.
[N KOXHOro n noknagemo
An = USrlJ-1



FcHo, o onepatopu An € r-HenepepsHumK, 60 U, Sni U 1€ Takumu. Hexan h € C[0,1] i
n = U~lh. Togi

n n n
Anh= USng =u(”™2,ck(g)gin= " ck(g)Ugk= Y~ ck(g)hk€ L
k=1 k=1 fc=l

Takum unHom, An(C[0,1]) C L gna koxHoro n. Kpim Toro,
Anh = USng —Ug = h.
Omxe, (An)™1 —ue MKM-anpoKcMMyroYa MocnifgoBHICTb Ana L O

MW He 3HAEMO BIAMOBIAI Ha Take NMUTaHHS:

Mpobnema V. YUu € cepef BCrOAW LWiNbHMX NiHIMHKX nignpocTopis L npoctopy Cu[0,1]
Taki, WO He € apu-IlpocTopamu? app-1lpoctopamu?

9. TakuMm camMMm CrnocoboM S1erko BCTaHOBHOETHLCA 3arafbHiLLNIA pe3ynbTat, B AKOMY TepMiH
6asnc o3Havae 6asmc LLlaygepa.

Teopema 7. Hexail Y —Takuii KomnakTnuii npocTip, wo npocTip CUY) mae 6asuc i L -
BCOAW WinbHMA NiHidHMA nignpocTip CUY). Togi L e auu-npocTip.

Takum umHom, Bigomo ([11, c.4], [9, 13]), wo npocTip Cu[0,1]" mae 6a3nc. binble TOro
[14, Teopema 4.4.13], ons [OBINLHOrO MeTpM30BHOro komnakTa Y npoctip CUY) mae 6asuc.
Uun € 6asnc y KoxHoro cenapabenbHoro npoctopy CUY) Mu He 3HaEMO.

3 Teopemu 7 HeraimHO BMN/IMBAE HACTyMHa Teopema.

Teopema 8. Hexait Y —Taknit KoMnakTHUIA npocTip, wo npocTip CLXY) mae b6asuc, L —
BCIOAN WiNbHUA NiHiAHKA nignpocTip CUY), X —Tononoriubunit npocTip i f € C(X XY).
Togi icHye Taka NoCNMigOBHICTb CyKynHo HemepepBHUX CL-¢pyHkuin f : X X Y —R, wWo

fn t x BCu{Y) ana koxHoro x € x.

BinbLue Toro, NOHATTA a/LUi-NPOCTOPY MOXHA BBECTM | B AOBIILHOMY HOPMOBaHOMY MpPO-
cTopi. Cnpasgi, Hexai E —HopmoBaHWIA NpoCTip i L —1A0ro BCIOAWM LiNbHWIA NigNpocTip.
Taknii nignpocTip L MM Ha3BeMO anpoKcMmaLliiiHUM, SKWO iCHYe MOCNIQOBHICTb Henepeps-
HUX onepatopis An : E => L Taka, Wwo Ang ->g B E ana KoxHoro ¢ € E. 3actocosytoun
Teopemy Npo 6/113bKi 6asncK, Tak camo, K B TEOpeMi 5 OTPUMYEMO TakuiA pe3ynbTarT.

Teopema 9. Hexait E —6aHaxoBuit npocTip 3 6asucom i L —BCHOAN WiNbHWIA NiHIAHWI
nignpocTip E. Togi L ¢ anpokcumayinHum nignpoctopom E.

10. Ha 3aBepLueHHS ChopMyHOEMO 3arasibHy Mpo6seMy, SKa OXOM/IKOE YaCTUHY PO3INAHY-
TUX TYT 3ajay.

Hexaii (E, T) —Tononoriunuii npoctip E 3 Tononorieto T. Woro nignpoctip L Hassemo
CeKBEHLianbHO BCHAN WiNbHAM, AKWO ANA KOXHOI TOUkM § € E icHye Taka MOCnifoBHICTb
TOYOK gn € L, wo gn g H E Mpunyctumo, Wwo Ha E 3agaHa LWe oAHa Tonosnorig S.

[nga TononoriyHoro npoctopy X 4yepes Cs(X, E) no3HaYMMO CYKYMHICTb BCIX HEMepepBHUX
BigobpaxeHs ¢ : X -* (E,S).

Mpo6nema VI. Hexali L — cekBeHLiaflbHO BCHOAW LUIbHWIA NiANPOCTIP TONOMOTYHOro
npoctopy (E’'1~), S —Tononorig Ha E i X —TononoriyHnin npocTip. 3a AKUX YMOB AN
KOXHOro BigobpaxeHHs ¢ € Cs{X,E) icHye nocnigosHicTb BigobpaxeHb @n € Cs(X,E)
Taka, wo on{) —=e{% B (E, T) gna koxHoro x € X
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Voloshyn H.A., Maslyuchenko V.K., Maslyuchenko O.V. On approximation of the separately
and jointly continuous functions, Carpathian Mathematical Publications, 2, 2 (2010), 10-20.

We investigate the following problem: which dense subspaces L of the Banach space C(Y)
of continuous functions on a compact Y and topological spaces X have such property, that
for every separately or jointly continuous functions /7 : X x Y —R there exists a sequence of
separately or jointly continuous functions fn : X x Y —R such, that /* = fn{x, ® € L for
arbitrary n € N, x € X and /* =5 fx on Y for every i € X? In particular, it was shown, if
the space C(Y) has a basis that every jointly continuous function /7 : X x Y —» R has jointly
continuous approximations /,, such type.

BonowwuH I"A., MacnioveHko B.K., MacntoueHko O.B. O npnban>KeHUn pasfenbHO U COBOKYM-
HO HenpepuBHUX QYHKUMIA // KapnaTckue matematmyeckme nyénmkaumm. —2010. —T.2, N
- C. 10-20.

Wccnegyetcn npobnema: Kakue M3 BCOAy MNOTHLIX MognpocTpaHcTs L 6aHaxoBOro npo-
cTpaHcTBa C(Y) HenpepbiBHbIX PYHKUMIA Ha KOMMakTe Y M TOMONOTMYECKUX MPOCTPAHCTB X
06nafatoT TEM CBOMCTBOM, YTO AN KaXKAOW pa3fenbHO AN COBOKYMHO HENpepbiBHOM OYHKLNN
/ : X XY —R cyulecTByeT Takas nocnefoBatenbHOCTb pa3fe/lbHO 1AM COBOKYMHO Hernpepbis-
HbiX QYHKUMA /,, i 1 XY -) R, uto /* = fn(x, ® € L gna npomssBonbHbix N € N, X € X, 1
fn fx liaY gna kaxgoro x € X. NokasaHo, 4To ecnm npocTpaHcTBo C(Y) umeeT 6a3uc, To
KaXkJas COBOKYMHO HenpepbiBHast yHKuusi / : X X Y —R nmeeT COBOKYMHO HeMnpepbiBHbie
annpokcmmaLumm /,, Takoro poga.

Kapnatcbki MaTemMaTuU4Hi
ny6nikayii. T.2, N2

YK 517.98

AMNTPULLMH M.I.

MPOCTOPW BEKTOPIB EKCINOHEHUIANBHOIO TUTY
KOMIMNEKCHWMX CTEMEHIB NMO3NTUBHWX ONMEPATOPIB

OMuTprwinH M.1. MpocTopy BEKTOPIB €KCMOHEeHLialbHOro TUMNY KOMMIEKCHUX CTEMNeHIiB Mo-
3UTUBHUX onepatopiB // KapnatcbKi marematuyHi ny6nikayii. — 2010. — T.2, N2 — C.
21-30.

B13HayeHO HOBI Knacu iHTepNOAALUiiHMX NPOCTOPIB BEKTOPIB €KCMOHEHLiaNbHOro TUMNY KOM-
NAEKCHUX CTEMeHIB NO3NTUBHMX onepaTopiB. [JocCnigXeHo BAaCTUBOCTI anpokKcUMaLinHUX npoc-
TOPiB, MOPOSXKEHNX PO3FAAHYTUMM IHTEpPNonsaLiiHMMK NpocTopamn. HaBefeHO npuknag 3acto-
CYBaHHA [0 PerynsapHux efinTMYHUX rpaHUYHUX 3ajad, B AKOMY BEKTOPU eKCMOHeHLUianbHoro
TUNy cniBnajatoTb 3 KOPEHEeBMMU BeKTOpamu, a AN onepaTopiB i3 cTaiMmu KoegilieHTamun €
nigKnacoMm Winnx yHKLiA eKCNOHEHLialbHOro TUMy.

Becrtyn

Y [aHili cTaTTi BU3HAYEHO HOBI KNacu iHTEPMoNALiiHMX NPOCTOPIB BEKTOPIB EKCMOHEH-
LiaNbHOro TMMy KOMMJIEKCHUX CTeMneHiB MO3WUTUBHWX OMepaTtopiB i AOCNIAXKEHO iXHi iHTep-
MONALIMHI BNAaCTUBOCTI, LU0 y3arabHIOKOTh BiAMOBIAHI pe3ynbTatv pobotn [5).

PO3rnsHyTO anpoKcMMmaLliiHi NpoCTopy, NOPOMAKeHI IHTEPMONALINHMMM NPOCTOPaMU BeK-
TOpPIB EKCMOHEHLia/IbHOro TUMY, Ta OTPMMaHO HepPiBHOCTI, LU0 OLLIHIOKTb MiHIMa/IbHY BifCTaHb
Bif 3aJaHOro eneMeHTa [0 NIANPOCTOPY BEKTOPIB EKCMOHEHLialbHOro TUny 3 PikCoBaHUM
iHZEeKCOM. 3a3HaunMMo, L0 PO3B’A3aHHIO NPO6/eMU HABAVKEHHS eNleMeHTIB 6aHaxoBOro npo-
CTOpPY Pi3HUMU K/lacaMm rnafkux BeKTOPIiB 3aMKHEHOro oneparopa, y TOMy 4ncii BeKTopamu
eKCMOHEHLiaNbHOro TUMy, MPUCBAYEHO po6otn [1, 2]. Y ubOMy 3B’A3KY Bif3HAUMMO TaKOX
po6oTy [4], fe HaBefeHO 3acTOCYBaHHA O 3ragaHoi NPo6ineMyn MOHATTA KBa3iHOPMOBaHOMO
abcTpakTHOro npocropy becosa.

TyT HaBefjeHO NpPUKNag 3aCTOCyBaHHA OTPUMAHWX abCTPaKTHUX pe3ynbTaTiB ANA pery-
NAPHUX eNiNTUYHUX OMepaTopiB, BEKTOPU EeKCMOHEHLiafIbHOro TUMy AKWUX CNIiBMafatoThb 3
KOPEHEBMMW BEKTOpamu, a y BMMafKy CTanmx KOeqilieHTIB € MigKnacoM UinmMx yHKLiN
eKCMOHEHLianbHOro TUmny.
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1 IHTEPMONSALIAHI MPOCTOPN BEKTOPIB EKCMOHEHLIA/IBHOIO TUMY

Po3rnsagaemMo No3vTMBHWUIA onepatop A 3i LWibHOK 06/1acT0 BM3HaydeHHs Cl B fesko-
My KOMM/IEKCHOMY G6aHaxoBoMy npocTopi X. 3rigHO 3 O3HAYeHHAM Lie 3Ha4YUTb, LU0 MiBBICH
(—o0, 0] HaNeXnTb NOro Pe30/IbBEHTHIN MHOXWMHI Ta iCHYE Take uMcno ¢ > 0, Lo

HN- A/)_LETT A
Uepes Ck (kK € Z+) no3Hayaemo 06nacTb BM3HayeHHs onepatopa JIK 3 Hopmoto |M|ct =
Umirlr {x € Ck). Mpwn ubomy A0 = | —oanHUYHMIA onepatop i C° = X.
Hexan 0</9<1lTtal<pa<oo. Cnigytoun [10], And napu KOMMNEKCHUX 6aHaxXxOBMX
npoctopis {X, Y } BU3HAYAEMO iHTEPNONALIAHNIA NPOCTIp

K Yjop={EX+Y: IMUNM < oo}

3 HOpMOIO
e

q < 00,
sup t JC(t.a;X.Y) : = o0,
0<f<oo
ge /Q/.a X, Y) = a_ip_{_y (I + 1 IMly): a Takox iHTeprionauiiHuin npoctip [X,Y]e =
ia € X+Y :3f{z) € F(X,Y), f(9) = a} 3 Hopmoto |lIx Yl = ,{ier)@ \\(Z\\ x x),
Ae iHgpimym 6epemo no Beix pyHKuiax /€ T(X,Y), Takmx wpo /(0 = a. Yepes T(X,Y)
BMLLE MO3HayeHO npocTip (X + Y)-3HayHux aHanitmyHmx B 5 = {r € C : 0 < Rez < 1}
(byHKLi, HenepepBHWX B 3aMUKaHHI S i Takux, LU0 MarOTb CKiHYeHHY Hopmy ||/]|NKy) =

max (sup [I/FlIx sup |1/ + iKY Z(it) € X, /(1 +it) €Y ana Bcix -00 <t < oo.
- ! :
Hexair Tn,k € Z, m > 0. Bigomo (gmB. [10, §1.15.1]), WO AN BCIX « € C Takux, WO

—m < Rea <0 —m, 0 <0 < K, I BCix enemeHTiB X € (X,Ck)askl BM3Ha4yeHUM Oyne
orneparop

= [ tasTe | Akem(A + t1)-k
ﬂgx I'(or+T,)F(K—m—a)TJ0 et I Akem(A +t)-lexdt,

LLIO foMNyCKae 3aMMKaHHA Aa B X, fIKe He 3an1exuTb Bif B1Moopy a. O6nactb BM3Ha4YeHHA Ca
onepatopa Aa gani po3rnagaeMo sk 6aHaxis npoctip 3 Hopmoto |t = IMax||x x € Ca.
Taknum 4mHOM, onepatop Aa i npocTip Ca BM3HayeHi ans BCix yncen a € C. Onepatop Aa —
HerepepBHUn Npu Rea < 0 Ta i3oMOpgoHO Bigobpaxae Ca Ha X npu Rea >0 [10, Teopema
1.15.2]. MignpocTip Ck winbHuMiA B X [10, nema 1.14.1], a winbHictb Ca B X € Hacnigkom
BknageHb Ck ¢ (X,Ck)a/kj ¢ Ca C X. Ana fosinbHUX a, B € C cnpased/MBUMUK € PIBHOCTI
AnAB = ApAa = Aa+0 i onepatop Ap i3omopthHO Bigobpaxae CaH) Ha Ca [10, Teopema
1.15.2]. 3okpema Ca+0 C Ca, omxe, C° ¢ f]0Ca+0 c C°°, ge C° .= f YeZ+Ck.

Hani ana posinbHoro x € C° = Mkex+Ca+k noknagemo Xk 'm= Akx € Ca. [Ansa uumcen
| <qg<oc v >0 B13HAYMMO NPOCTOPU

exn ={tec~: IME(., = <°°}

O c“)=(xecC: KN = I(s€uzp is~K\\WA\\za < ooJ}-
+

Ana l<q,<o00i0<Rea<Reb<00 poO3rNsgHEMO TaKOX MPOCTOPU
C")un = {* €C“ < “ }.

E4[C, CY = {X€C~: I *&/"* 11 " 1p»A <00}

3 HOpMamMu "
. I
Mn?c-")g, = (fgez+/\ fen~ii(c«™M,,)
Ta
4C* %
kel+
BiZAMOBIAHO.

Mpn Rea < 0 Ca = X i npoctip 8™ (X) CKNagaeTbca 3 BEKTOPIB €KCMOHEHLia/IbHOro
TNy v onepartopa A BBefleHMX B po6oTi [6]. Tomy enemeHTV 3 £7(Ca) po3LWMPIOOTL Knac
MPOCTOpPIB BEKTOPIB TAaKOro Tumny.

Nema 1.1. MpocTopn £'(Ca)  6aHaxosi.

[oseaeHHs. Hexain (yn) —nocnigosHicte Kowi B 8"(C"), ToAi TakKMMM X € NOC/iA0BHIi Ti
(yn) Ta (Akyn) gns 6yab-akoro A€ Z+ B Ca BHacnifok HernepepsHoOCTi BknageHHs 8i(C") C
Ca. Onepatop A AK NO3UTMBHWIA, Mae HEMOPOXHIO PE30/IbBEHTHY MHOXMHY. TOMY, 3rifjHO 3
[3], C°° —wwinbHWIA B X i, K Hacnifok, winbHuin B Ca. B cuny [8, Teopema V11.9.7] onepatopu
AK —3aMKHeHi Haj Ca. I3 3aMKHeHOCTi Ak Ta NoBHOTW Ca BUMN/IMBAE ICHYBAHHA TaKUX X. Y €
C*, wo yn —x i Akyn —>y 3a Hopmoto Ca Ta y = AKX Ang 0yab-akoro K € Z+. Tomy ans
oyab-akoro £ > 0 icHye Take ne € N, wo ¥ eah Jfa < 20-u~ku\Wxy Msa + ¢/ 2k+x A4
BCIX N > ne Ta K € Z+. [Mepexofaun [0 rpaHuui npy n — 00, oTpUMyeMo U~K, WAON\T1 <
20 i>~g\\AyneNdX +¢e/2kHnpu n > ne. Omke, ||TICa <2u~1\WEW\'Ca) + ¢, i TOmy
x €8u(Ca) Ta yn—x 3a Hopmoto 87(C*), Lo i 4oBOANTL MoBHOTYnpocTopy 8"(Ca). O

3a3Hauumo, Lo Npu v < | MaeMo HenepepsHi BknageHHs 8"(Ca) C £'(C*) ¢ C"

Nema 12, Akwpo 0 < L), X < 00, (MO vi), o, €C i 1<gqq, <2 < 00, Tonpu
i/ -

(CHO .7(0)N =£Nd'm t1)
anpn 1<q0, (A <00, Takux wo 1/q = (1 —Oy¥<o+ 8/qi

(r;(C*)e; C)), = @)
I>

MpocTopn 8”{CrCO)en, 8”[Ca, COJ8 —6aHaxoBi.



LosepeHHsa. Mpoctip £1{C°) — i30MeTpUYHMIA NPOCTOPY MOCNILOBHOCTEN BUrNAAY /£ =
{X m= (xkkez+ mX e £q(Ca)} 3 Hopmoto [P = IMIEE(C*)- 3pobumo 3amiHy v = 2~0,
npn kil ymoBa U = W\~8ul nepexoamTb y PiBHICTbL 0 = (1 —0)oo + | BUKOPUCTAEMO
Teopemy 1.18.2 3 [10]. Mpun ubomy JC(t, x, 1Na, I™0) ~ supfeZ+min(2f(A t2kei)\N\N\XN ans
g0 = gi = oo Ta K(t,x,I\°"a,Ixa) ~ " fENmin(2fe, i2f(0)] |xcla ans g = qi = 1 Hexai
X E loo'a)eq * 6e3 06MexeHHs 3aranbHOCTi 00 > o\. [MigcTaBnatoun supasu ong Ly
thopmynn ans HOpPM, 3 TOYHICTIO 0 AeAKOi CTanoi ¢ > 0 OTPUMYEMO

Ixllocm — ~V 2-7°-")sup [inin(2* , 2% - o™ o] Ix"p]9 >
s 0«[00(1-6)+016]|,lrj.\l\lga ——r'ImIIig -

OTXe, cnpasef/IBUM € HenepepsHe BKMNaLEHHSA 1™a)0n ¢ Akwo x € Ve, 10 3
BUKOPUCTaHHAM HepiBHOCTI [efbaepa

e 5 QR SPET <

11 jez

= cl¥If a
kezZ

ansa peakoi ¢ > 0. Tomy cnpasef/iMBum Oyfe HenepepsHe BKMageHHs 1fa ¢ (°°, / rw
3 BMacTUBOCTEN iHTEPNONALIHMX NPOCTOPIB OTPUMYEMO iina)o,n ¢ ("Oa>"8 Qeq C

C ")BITPN1 < QiQu,qi <oo. B pesynbtati maemo £* C ("°™, C //a, i pis-
HicTb (1) foBefeHa.

MpocTip £g(Ca) I3oMeTpnyHO BKageHWiA B MpocTip nocnigosHoctein /* = {(Efc) . (£ €
cn, J[I&N? = (Z A+ 11"Uc-)1R < °°}- BignosigHy i3omeTpito nosHaummo 1. £"(Ca) 3
XN (Ex = U~KXK) € /("-(byHKUiOHaN iHTepnonsAyiiHoro npoctopy (7, Lds [omnyckae
OLLiHKY

£,1, IKWIk +'Ne )II<) s

3pobmBLLKN 3aMiHYy I = Pll14 (C«)NM0>0TpUMaemo

WE u

/DNC?X),,, - IISCT2 VS 4 n

3acTocysaBLUM MOAIOHI OLiHKK AN 06epHEHOrO BifobpaxeHHs | 1, BU3HAYEHOTO Ha MHOXWHI
3Ha4yeHb onepatopa |, OTpMMyeMO

7oon/2,0 M =1L, r~),e”))08 aas Beix xe (£9(C“P>s* (cf>))e,g-

3rigHo 3 03Ha4eHHsaM npocTip £7(Ca,C0)e,q — i30METPUYHNIA NPOCTOPY MOCANILOBHOCTEN
0 af) = {x 'm=(XKkel+ mXe S%Ca,C0)e,q} 3 Hopmoto |MIF B« = \NANHC'£LBs- 3acTo-
COBYHOUM Terep BiOMMWIA TONOMOTiYHMIA i30MOpPdDi3M BaHaxoBux npoctopis (7, )Q = I~ f\

pe i/ }= {(£% : ik € (Ca,CPog, [|K&I, (-« = (Z*eZ+HI&liccce)oy mM< 4 - 1/9 =
(1 —0)/% + #<i [10, Teopema 1.18.1], npuxoamMmMo Ao piBHOCTI (2).

PiBHicTb (3) 6e3nocepeaHbo Bunameae 3 (1) i Teopemun 4.7.2 3 [7].

Hexan x € [E0(C*) , £ - /(.-)€ WET-(C*), (C")i/(8B) =x. Togi

Z—b

Hz) = ( A« ] I{z) e ™ (¢, /]j, ~0) =ix.
I 1

3BificM Maemo
H92)11120,7) - W71 (c)Nicoll71 1 (€Y 11/(z)
Xlpgodiny < W NOEHi20 W hican i2, liiroc & (cplle
3acTocoBytOUM MOAIGHI OLIHKM AN 06epHEHOro BifoOpaxeHHs | i, OTpuMyeMO
= Y WNa0(8),e”)]p Ana scix x € [SMCa),€M{C%.

3a 03HayeHHaM npocTip £"[C*,CAe —Ii30MeTpUUHMIA NpocTopy nocnigosHocTen /Aol =
{x \= (xK)keZ+ mX e €"[OaX0]6} 3 HopmOtO ||><||qu3,|7|] = \WGY[AIG]t. Tomy piHicTb (4)
BUM/IMBAE 3 BiAOMOr0O TOMOONYHOroO i30MOPI3My [1q0,1qj]0 = ae = {(r): &e€

[CQC~10, 11M)11,,A, = (Efc6Z+ 1M [ce,"b)1/9 < °°}" 1/9 = (1 - @/Qo+ 0/¢1 |10, Teopema
1.18.1].

Mpoctopn E”(Ca,CO0)etq, £y [Ca, COJo —6aHaxoBi, OCKinbKK, 3rigHo 3 (1) i (2), € iHTeprno-
NALIRHUMK npocTopaMn M £0(Ca) | 87 (CO). O

2 AnpokcumauiniHi npocTtopwm
Hexait 0 < v, <00, 1 <q <00, 0<T<00. Bu3Ha4MMO anpoKCUMaLLiHi NpocTopw
BUTNARY
er(n ={i€EC” |MENc, =Q fV B M rj) <°o},
£7(Ca) = \x€Ca: |IX|IENG) = stjpqu(i,x) < 00},
N >0 >

pe E(t;x) = inf - A&,y € S"[Ca), 0 < | < oo.
IMle%{ca ) »

Hexan \E£~{Ca)\9, 0 < 6 < 1 — npocTip £/(Ca) 3 keasiHopmoto | | |MCa)-3rigHo 3
Teopemoto 7.1.7 [7], npn ©—1A//, + 1)ir = 8r (0 <r < 00) cnpasej/MBa PIiBHICTb

= (E!(ca),c*)sr. (5)



Takum ymHom, £/21(Ca) MOXHa po3rnagatv fK iHTeprnonauiiHniA npocTip Mix £4(Ca) i Ca.
3 pisHocTi (5) Ta noBHOTK NpocTopis £"(Ca) sunnmsae, wo npoctopu £°(Ca)  kBasibaHa-
XOBI.

Teopema 1. IcHyww Tb Taki gogaTHi uymcna ¢\ = ci(0,7), c2 = 02(6,T), WO BUKOHYK T bceA
HepiBHOCT i

E(t,x) <cri~»Miyne.), X €€~ (M, (6)

(&) —C2IX IINC)Iilla) x £-£q(c ). (7)

[osegeHHs. 3rigHo 3 Teopemoto 3.11.4(b) [7], ans fesakoro AoAaTHOrO 4ymcna ¢ MaeMo

INMenc.odor NNV, *e£ B ™)

3sigcy i 3 pisHocTi (B) Npy y = (1 - 6)/6 BUMIMBAE ICHYBaHHA Takoi cTanoi cx > 0, Wo
BUKOHYETbCA HepiBHICTb (7). 3rigHo 3 Teopemoto 3.11.4(a) [7], 4N Aeskoro ymucna ¢ > 0 ma-

emo /C(t,x;£"(Ca),Ca) < cteIMI(EAC)C,) . xe (SNe% Ca)ey 3 Yiei HePiBHOCTI Ta (5)
BUM/IMBAE ICHyBaHHA Takoi ctanoi c0 > 0, wo JC(t,x',£q(Ca),Ca) < caY|JTlIENca)> X e
B@QK‘)_ Moknagemo /Cop(t,.x;5,q, (C*),C*) = Xzixrgfx\ max {||.TO|i§i‘(C‘)"||;ri||c“}- OCKi/IbKM
oo < /G 10

Koo(i, i; £XM,C°) <coif WxW~c.y Xeeg;*(IN). 8)

3rigHo 3 nemoto 7.1.2 [7], ans KoxHoro t > 0 icHye Take s > 0, wo JC/t, x; £7(Ca),Ca) =
siEmM+0x) <s/t <E(s- 0,x). 3giacu Ta (8) maemo sl~eEe(s, X) < c0 \WNWE\"Ca), X €

£y (Cn). llpny = (1 - 8)76 otpumyemo SME(S,X) < ¢°\NA\\e™1?{c«), x € ££2(ca). lNMokna-
Bwm G = ¢ j 0, npmuxogmumo ao (6). n

BcTaHoBMEHI HepiBHOCTI (6) Ta (7) MOXHa pO3rnafaTn K y3araJibHeHHs BiJOMUX Hepis-
HocTel [)XekcoHa i bepHLuTeinHa. 30KpeMa, HepiBHICTb (6) Aae OLiHKY BiACTaHi Bij BeKTOpa
X€ C° go nignpoctopy £1(Ca).

Teopema 2. Hexan 0 < po,pdl < 00,1 < qg<00,0< T,tg, 7T\ < o00.4napy — (1 —06)yo + 0By1

i Y0 @ MABUKOHYET bCA PIBHICT b

(e™(n.,e” (%), T=%%(<?). &
Mpu 0<T <f <OOcnpasegnusumu 6ygyTb BKAAZEHHS
eN(A) ¢ €;8(A). (io)
Kpim ybvoro, skwo ££2°(Ca) Ce~r{ca)i 0<s0 <oy <1, 7o

(EC(n,e™;(n)Potc Ne%(c°).e™ (c°))slr (1)

Losegenns. JriHO 3 TEOPEMOKO MPO peiTepauito [7, Teopema 3.11.5], npn e = (1 —A)0O-
00 = 1/(UO + 1), 61 = 1/(ut + 1) i T —61 MAEMO

(KC(C™)T\ KS*(*)f) o= Ne?(M] 42

3acTocoBytOUN TeOpeMy Npo cTeneHi [7, Teopema 3.11.6], oTpMMyeEMO

(KC(C™ K" (c*)") A - (UAM(CH. Cn (). (i3

gep = A/6> 3 (12) i (13) npm A = (L - p)u0 + L maemo (E"-»(£?7*),
£qf(Ca), 3Bigkn npuxogumo go (9).
Mo <t <f<o00

/ /oo H\ /T

(1-r/f)

1 H H H 7 VANERLEVAN
supr /Cii.xiqCiC”), ))/) 0 IA><clIx _ry (c) BT’

3Bigku otpumyemo (10). BknageHHs £9f(A) C £~(A) 6e3nocepefHbO BUMNMBAE i3 Hepis-
HocTi K{t, T;EN(C°), ££%(Ca)) < cni® W {ctn), x € £2{CT]).
I3 HepiBHoCTI KI(t, x; ££?°(Ca),£7E (Ca)) <t UxII™uca)! x €~ N1(C*), maemo
AN («(C-»«(C.,).H = | <"K(ME,T(C*)."N;(C»))T +
°° i/
/ 1-»-JC(t, x; (C*), £E“m(C“))T < C||"||"1’\) +
up FA(x-e0 (0,6~ (n) /T EHPOIE <
>0 7

Cl IIx]it e 0(”),Cx7(”))0noo’

3BigKM Bunueae BknageHHs (EN{Cn), £ (Ca))d@C (E~°(Ca), £ (Ca))0 V 3sifgen i
3 (10) otpumyemo (11). O

Hexal 0<#<I1,0<Rea:<Re/?<o00, 1<p<o00i npocTip Y cniBnagae 3 ogHUM
3 npoctopis Ca, (Ca,Ct5o,q abo [Ca, CPJo. Po3rnsaaemo nocnigosHictb npoctopis (E™\Y)),
Lo BigNOBifae HecnagHi NOCNILOBHOCTI AoAaTHUX umcen (v{n))nef+ TaKil, WO r{i_r%)u(n) =
00 i BU3HAYMMO MpPOCTip abCoOMOTHO 30DKHMX PALIB 32 HOPMOK Y BUTNAZY

ILen(y),v] ={Z - =yeY:y,e EW(V)}

3 Hopmoto W) (Y)Y] = inf EnezlynlW, ge iHpimym 6epemo Mo BCiX TakuMx pagax.
Aani nosHayaemo £4(Y) = Ui/>0"Ng"X)-



Teopema 3. CnpaBegnneot 6yge TONoMOriYHA PiBHICTb

ifedfNy),y] =~LI0, (14)
e 3aMWKaHHA 6epemo 3a HOpPMOIO npocTopy Y.
[loBefeHHs. PO3rnaHeMO JOMNOMIXHMWIA NPOCTip abCOMKOTHO 36iKHMX pAgiB Ti = {ZnEZ+Wh =
y : Y e 8q(n\Y)\ 3 Hopmoto \\W\, = V:ir%fgﬁM U-Wv [le i4Hd3}il\4IyM 6epemo no BCix
Taknx pagax. PosrngHemo takox npoctip popmansHux pagis IN[EqM(Y)] = {Zneztvh =Y m
Yn€e;{nN(Y)} 3 Hopmoto |MIE*®)(Y)] = Enez+ IM I™y)- BiH-6aHaxiB, 60 1Oro cknagosi
£yn\Y) - 6aHaxoBi. 3 HEpPIBHOCTI < IM[rign)Y) sunnusae, LI BigobpaxeHHS

H[E(M)(Y)\3y ~ yEIi

HernepepsHe i N\ € dpakTop-npoctopom H[E™\Y)\ Mo 3aMKHeHOMY A4py, | TOMy € 6aHaX0BUM.
Ana 6yab-akoro X € eAn\Y) maemo HL < |MIW(n)”. Bpaxosyroun BKNaLeHHS

eMn\y) ¢ enne\y),

B OCTaHHili HepIiBHOCTI MOXEeMO repenTn Ao rpaHuyi L < nli_go]o ||X|L—"(@,V.- = Xlly. Ana
¢ > 0 icHye 30DKHMIA BY pag Z vgTakmin, wo Z ya =y Ta |PF - € < ZnBH\\n\\en\y) »
2 n€¢, \LL\y- 3 iHworo 60Ky, Ana 6yab-AKoro 30ikHOro B Y pagy Zvn= Y MaeMo

Inel}vAy - X, EZH1IMNuMN )0

3sigku WNrw (V)Y] < |MIr < Zned+IHAM v + e>106T0 WL = \\W\\[th\Y),Y]: 0TXxe’
npoctip I[e”n\y), ¥] —6aHaxis. _

Byab-akuii enemeHT 3aMmkaHHA y € E)(Y) mMoxe 6yTH NpeAcTaBneHnin 36DKHUM 3a HOp-
MO Y pafoM y = Zvn Takum, wo yn € £,(n)(Y), TOMy BUKOHYETLCA anrebpaivyHa piBHICTb
i[ed[{Y),Y] = €4(Y) . OueBngHo, wo |ly < Enez+lI"Lly gns 6yab-aKoro Takoro npes-
ctasneHHa, Tomy A\ < IMIEN)Y) Y ans Bcix y € €4(Y) 1 piBHICTb € TONONOMYHOW. [

3 [lMpuknap

PosrnsHemo y npoctopi LP(O) (1 <p < 00) perynspHoO eninTUYHWA onepaTtop MOpAaaKy
2

A:Cl3ui—m]2

171<2/

EM QF a €C°°(LL (15)

3 06/1acTiO BMU3HayeHHd Cl:= |u € Wpl(QY) : Bju(t) =0;,) =1,..,zj, ge Wpl(Q) —
npoctip Cobonesa i Bj = Z|7] €70, 0<ki< <m<h —
Habip rpaHNYHNX onepaTopiB. Hagani npmnyckaemo, L0 pe30/IbBEHTHA MHOXWMHA oreparopa
A HenopoxHs. Bigomo [10, §4.9.1], wo y Takomy BUNAaLKy A8 JOCTaTHLO BEIMKUX AOAATHUX

P > Po onepatop A+ pi —nNo3UTUBHWUIA. OCKifIbKU NPOCTOPU BEKTOPIB €KCMOHEHLia/IbHOro
TNy oneparopis Ai A+ pi cnisnagatoTts [9], To 6e3 06MeXeHHs 3aralbHOCTI BBaXaeEMO,
o A —no3nTnBHUIA onepaTop. 3rigHo 3 [10, 85.4.3], onepaTop A Mae AVUCKPETHUIA CMeKTp
0(A) —{An}reV>T06TO nli_r>no0 |\ |= 00, | KOpeHeBsi nignpocTopn 1) KOXHOro BAACHOTO Ymcna

A, € C € CKiHYeHHOBUMIpHMMK. Jani Lin 03Hayae NiHiHY anrebpaivyHy 060/10HKY BEKTOPIB,
| npocTip Y cniBnagae 3 ogHuM i3 npocTopis (Ca, CO)e,qabo [Ca, COJo (0 < Rea <Re/B < 0o,
1<g<o00 0<0O<]).

Teopema 4. Hexait 1 < ¢0,qi < oo, /g = (1 —9)/q0 + 6/qi, mKnKE€ N, k = 0,1, i
BUKOHYETbCA yMoOBa wWinbHocTI £9(Y) =Y. Togi

Y ={ un =u : un € Lin {7Zk: JAc]< min (i/(n)m+1, ~(n)3* )} |, (16)

e a =mo(1—b) +n06, p =71r( —6) +ws.

LosegeHHs. 3rigHo 3 Teopemoto 1 [9], ana 1 < g <ooim e N, 8(Ct) = Lin {17 :
|AJm+l < r/}. 3actocosytoun nemy 1.2, Teopemy 1.15.3 [10] Ta BpaxoByHOUM CKiHYEHHO-
BUMIPHICTb npocTopis £9(Cm), Maemo

e4{Ba) = NeO(CT°), =Lin{lzn: q]<m in (~, 1)}, (17)

e'€p)=[er™):e” )]0=vmn{nn:pnl<min(™, ~ )}, (is)
pe a —moO(l —8) +n0, B —ni(1 —06) + wO. BukopucToBytoun 3HOBY nemy 1.2, i3
BpaxyBaHHAM piBHOCTel (17) Ta (18), oTpumMyemo
€9(Y) = Lin {TIn: J]A,] <min )}
PiBHiCTb (16) Tenep sunnusae 3 (14). O

AKLW0 KoedpiyieHTN a7 onepaTtopa A € CTUIMMU, TO i3 pe3ynbTaTie [9 ana 1 <q < o0 i
BCiXx m € N mMaemo

£9CT) = (J M (O ={«€ Exp(C)] Q:BJAkNdQ =0;j =1,...,AkE Z+},

1/>0
ae Exp (Cn) —npocTip Linux aHamiTMYHUX (PYHKLIA eKCNoHeHLianbHOro Tuny Hag Cn. Tomy
B LIbOMY BUMaAKy oTpUMyemo Y = | I n~AZ+un = u mun € Exp{Cn)| BjAlkun|® =
0 =1,..., TE€Z+H|.

NiTtepaTypa

1. Topbauyk M.J., Topbauyk B.l. Tpo HabAM>KeHHA rNafgKMx BEKTOPIB 3aMKHEHOro ornepatopa LinuMmm
BEKTOpPaMW eKCMoHeHUianbHOro Tuny // YKp. mart. xxypu. —1995. - T. 47, N&. —C. CIG—628.

2. lopb6auyk B.U., M'opbauyk M.J1. OnepaTopHWii NOAXOA K Bonpocam annpokcumaumn // Anre6pa n aHanus.
- 1997. - T.9, N&. - C. 90-108.



3. Topbauyk B.N., KHasok A.B. paHMYHMEe 3HAUYEHUS pelleHnit anddepeHLMansHO-0NepaTopHUX ypaBHe-
7iviA // Ycn. maT. Hayk. - 1989. - T. 44, N&. - C. 55-91.

4, AmntpywunH M.1., NlonywaHcbkuini O.B. A6cTpakTHI npocTtopu BecoBa, acouiiioBaHi i3 3aMKHEHUMU
onepatopamu B 6aHaxoBux npoctopax // Oon. HAH YkpaiHu. - 2007. - Nel2. - C. 16-22.

5. AmuTpuwinH M., NlonywaHcbkuii O. IHTepnonsilis BEKTOPIB eKCMOHeHLiaNbHOro TMNy Apo6oBUX CTe-
neHiB NO3NTUBHUX onepaTopiB // BicHuk J1bBiB, YH-Ty. Cepist mex.-maT. —2005. —Bwun. 64. —C. 99—106.

6. PagbiHo A.B. MNMpocTpaHCTBO BEKTOPOB XCMNoOHeHUManbHoro Tuna Il Jokn. AH BCCP. - 1983. - T. 27,
N®. - C. 791-793.

7. Bergh J., Lofstrom J. Interpolation spaces. An introduction, Springer, Berlin, 1976. - 247 p.

8. Dunford N., Schwartz J.T. Linear operator. Part |. General theory. Intersci. Publishers, New York,
London, 1958.

9. Lopushansky O., Draytryshyn M. Operator calculus on the exponential type vectors of the operator with
point spectrum // Chapter 12 in book “General Topology in Banach Spaces”. Nova Sci. Publ., Huntington,
New York. 2001. P. 137-145.

10. Triebel H. Interpolation theory. Function spaces. Differential operators, Springer, Berlin, 1995. - 664 p.

MpuKapnaTcbKMii HauioHanbHUIA yHiBepcuTeT iM. B. CTedaHuKa,

IBaHO-PpaHKiBCbK, YKpaiHa

Haginwno 15.10.2010

Dmytryshyn M.I. The spaces of exponential type vectors of complex degrees of positive operators,
Carpathian Mathematical Publications, 2, 2 (2010), 21-30.

New classes of interpolation spaces of exponential type vectors of complex degrees of posi-
tive operators are defined. Properties of the approximation spaces generated by the considered
interpolation spaces are investigated. An example of application of constructed theory to the
regular elliptic boundary problems is considered. In the example exponential type vectors co-
incide with root vectors. On the other hand, for operators with constant coefficients the set of
exponential type vectors is subclass of whole functions of exponential type.

OMUTpuwnH M.W. TlpocTpaHCTBA BEKTOPOB YKCMOHEHLWANbHOrO TUMa KOMMNeKCHUX cTe-
neHeli NO3UTMBHUX OMnepaTopoB // KapnaTckue mMatematuyeckue nybnamkaumm. —2010. —T.2,
N, - C. 21-30.

OnpegeneHbi HOBbie KNacCbi MHTEPMONALMOHHbIX MPOCTPAHCTB BEKTOPOB 3KEMOHEHUMaNbHO-
ro TMna KOMMAEKCHUX CTerneHel MO3UTUBHbLIX OnepaTopoB. lccnefoBaHbi CBOMCTBA anmnpoOKCu-
MaUMOHHbBIX MPOCTPAHCTB, MOPOXAEHHbIX PACCMOTPEHHLIMU MHTEPNONALUOHHBLIMM NPOCTPaH-
ctBamu. NpuBefeH NpUMeEpP MPUMEHEHUS K PETYNAPHUM 31IMNTUYECKUM TPaHNYHUM 3ajadam,
B KOTOPOM BEKTOPM 3KErNOHEHLUMaNbHOro Tuna coBnajarT C KOPHEBHMMW BeKTopamu, a ans
onepaTopoB C NOCTOAHHUMW KO3(hMLMEHTaMU SABAAKOTEA NOLKNACCOM LenbiX (PYHKLNIA 3Kemno-
HEeHUWanbHOro Tuna.

KapnaTcbKi MaTeMaTU4Hi
ny6nikayii. T.2, N&

YOK 517.98

3aropogHiwok A.B.1, Ueprera |1.B.2

CMNEKTP ANITEBP CUMETPUNYHUNMX TA CYBCUMETPUNYUHKNX
AHATITUUYHNX OYHKLLIA

3aropogHtok A.B., UepHera I.B. CnekTp anrebp CUMETPUYHUX Ta Cy6BCUMETPUYHUX aHani-
TUYHUX YHKUIA // KapnatcbKi MaTemaTtuyHi ny6nikauii. —2010. —T.2, N — C. 31-38.

B po6oTi foCniAKYOTbCA anre6pu CUMETPUYHUX Ta CYOCUMETPUYHNX aHANITUUYHUX OYHKLIR
obmexkeHoro Tmny Ha npoctopax Li[0, oo) MLx [0, 00) Ta [0,1] iix cnekTpw.

BecTyn

Hexain X, Y —6aHaxoBi npoctopy Hag nonem K, ge K =]JRa6o K = (C Haragaemo, Lo
BifobpaxeHHd P : X — Y Ha3MBaEeTbCA N-04HOPIANUM MOMIHOMOM, AKLLO ICHYE CUMETPUYHE
N-niHiiHe Bigo6paxeHHs A : Xn —Y Take, wpo P(x) = A{X,... ,X). Moninom cTeneHs T €
CKIHYEHHOK CYMOIO N-OfHOPIgHMX MOfMiHOMIB, N1 = 1,... | T.

Hexaihi G —Hanisrpyna i3oMeTpuyHUX onepaTopiB Ha npoctopi X. ®yHkKuis / 3 npocTopy
X Ha3MBaeTbCA CMMETPUYHOK BifHOCHO G (a60 G-cuMeTpuyHo,) aKwo f(a(x)) —f(x)
ANS KOXHOro 0 € G. BaxnvBMM NMpUKNagom € Bunagok, komm X =iv (1 <p <00) i G =Q
—rpyna nepecTaHOBOK Ha MHOXMWHI HaTypanbHUX umcen. Togi ¢ € Q fgie Ha npocTopi ip
HaCTYNMHUM YUHOM:

N N AYG&a())i

ne {ei,e2..., } —craHgapTHa 6a3a Ha npoctopi H.B nitepaTtypi N-CUMETPUYHI PYHKLIT Ha
) Ha3nBalOTb CUMETPUYHUMMU.

®yHkuig / Ha npoctopi Lp[0,1] Ha3uMBaeTbCa CUMETPUYHOLO, Akwo f(ax) = f(x) gna
[OBIfIBHOTO 0 € Z, fie Z € rpynoro BUMIpHUX aBToMOpdoi3miB Bigpiska [0,1], Aki 36epiratoThb
Mipy.

[HWKUM BaXNMBUM MNPUKNagOM € BUMNaZokK, Konm X = iv i G —0 —Hanisrpyna, nopo-
[>KeHa i30MeTpuYHMMK onepatopamu /%6

Bi- (M1 o) 1Ak m--1i 1, xy, ...). (1)

2000 Mathematics Subject Classification: 46-02, 46E30, 46J20.
KntouoBi cnoBa i thpasu: cnekTp anrebp, CUMeTPUYHI Ta Cy6CUMEeTPUYHI aHaniTUUHI yHKLII.
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0 -CUMEeTPUYHI dOYHKL,IT Ha3MBakOTb CYOCMMETPUYHUMU,

CUMeTpUYHI NoNiHOMK Ha rinbbepToBMX NpocTopax Ta npoctopax ipi Lp[0,1], 1 <p < oo,
Briepwle gocnifgxysannce Hemmposcbknm i CemeHOBUM B [12]. BnacTMBOCTI CUMETPUYHUX
MONIHOMIB Ta aHaniTUYHUX (OYHKLIA BMBYanuca B [7, 1]. 3okpema, B pob6oTi [7] OTpUMaHO
TOYHe NpPeACTaB/eHHS CUMETPUYHUX MOMIHOMIB Ha 6aHax0BMX MPOCTOpax 3 CUMETPUYHOKD
6a30t0 Ta TakK 3BaHUX MepecTaBHO-iHBapiaHTHMX MpocTopax (PYHKLiA 3a AOMNOMOrow ene-
MEHTapPHUX CUMETPUYHMKX nosiiHOMIB. B [1] aBTOpamMu fOCAIAXKYETLCA CNEKTP anrebpu cume-
TPUYHUX FTONOMOPMPHMX OYHKLIA Ha nNpocTopi ip. MakcuManbHi igeann anredp aHaniTUYHUX
tbyHKUin BMBYanuca B poboTax [2, 3, 4, 14, 15].

B po6orTi [7] goBegeHo, WO, NOAIGHO A0 CKIHYEHHOBMMIPHOTO BUMAaAKY, MOAIHOMK

00

nw->%**. a— W . W +1-. W

i—
YTBOPHOKOTb anrebpaiyHy 6asy B anredbpi BCIX CUMETPUYHUX MONIHOMIB Ha npoctopi B, ae
[pi — HalimeHLLe wine umcno, ke € GinbnM abo AOpPiBHIOE p. TO6TO, AN KOXHOrO cu-
MeTpuMyHoro noniHoma P cteneHs [P +n —1, n > 1 icHye noniHom g £ C", Takmii WO

P(X) = qfPYIx)i mmi F\p\+n-\(3—)?-
Mo3Haummo yepes Gk{x) = | xKk(t)dt enemeHTapHi CMMETPWUYHI NONIHOMW Ha MPOCTOPI

Lp[0,1], k = 1,... ,p. 3rigHo 3 [7c]), KOXeH CUMETPUYHMIA NOMIHOM Ha NpocTopi Lp HanexuTb
[0 anrebpaiyHoi 060M10HKK nosiHomiB GK, K < p.

CybcumeTpUYHI noniHOMK AoCNigKyBanuch B pobotax [8, 9, 12]. Tak, y cTaTTi [8] (Teope-
mMa 2.1) P. ToH3a/10 NoKa3sye, L0 TaK 3BaHi CTaHgap THi NoniHOMK

Fku..kn(x) = xii " 'xi" N me--—--\Kn =, 3)
*<-n
YTBOPIOIOTb NiHiHY 6a3y Y CKIHYEeHHOBMMIPHOMY MPOCTOPI N-04HOPIAHMX CYGCUMETPUUYHIUX
noniHoMmiB gna n > [y7].

[na 6aHaxosoro npocTtopy X no3HauMmo 4epes V(X) anrebpy Bcix noniHoMmiB Ha X i
vepes VY(X) (Bignos. VIi(lp)) —anrebpy BCIX CMMETPUYHUX (BIAMOB. CyOCUMETPUYHMX)
noniHomis Ha X. [MonoBHeHHs V/(X) B MeTpuULi PIBHOMIPHOI 30IXHOCTI Ha OOMEXEHUX MHO-
XWHax cnisnagae 3 anrebporo Linmx aHaniTM4yHMX OyHKUin obmexeHoro Tuny HEX) Ha
npocTopi X. Yepes Hbs(X) (signos. HbSxs(£p)) Mmn Bygemo no3Hayatn niganrebpy Bcix cume-
TPUYHMX (BiAMOB. CYGCUMETPUYUHIKX) oyHKUIN anrebpmn HHX). Mu Takox OygeMo no3Havatu
yepe3z Mbs(£p) i MBBA(-P) cnektp (MHOXWHY KOMMIEKCHUX romomopdiamis) anred6p Hbs(ip)
i Hhsts (f.p) BignosigHo.

1 CUMeTPUUHI aHaniTUYHI yHKUiT Ha npocTopi Li[0, 00) n /7[O, 00)
Mo3Haunmo yepes E npocTip

E = L\[0, 00) MLoo[0, 00)

3 HOpPMOHO
IMIE  TaxLLirrH"0.00), INI™0,00)}

Takox nosHaummo 4depes VS(E) anrebpy Bcix nosiHOMIB Ha npocTopi E, cumeTpuyHmx
BiZLHOCHO rpynun BUMIPHWX aBTOMOpPQIi3miB iHTepBasny [0, 00).

Hexai1, Takox, RK(X) —J xk{t)at.

TeepiXKeHHA 1.1. nonivomun RKE KOPEKTHO BU3HAYEHUMU HA NpocTOpi E ANa KOXHOrO
k—1,2,..., inocnigosHicTb {i?*;} yTBOptoe anrebpaiyuHy 6asy B anrebpi VYE).

[oseseHHs. Ockinbkn npocTip E € nepectaBHO-iHBapiaHTHUM  MPOCTOPOMCDYHKLIA  Ha iH-
Tepsani [0,00) (ame. [10, ct.118] ), To nocnigoBHIcTb NoniHoMIB {R”] yTBOptOEaNnrebpaiuHy
6a3y B Va(E) 3rigHo 3 [7], Teopema 2.12. O

Mo3Haunmo yepe3 ® BifgobpaxeHHs, ske KoxHomy P € V5(i\), P—q(F\,.m, Fm), cTa-
BUTb y BignoBigHicTb Q € VS{E), Q = q(R\,..., Rm).3ayBaxnmo, O ® eObieKLeO i
romomopdiaMomM anirebp CMMETPUYHMX MOSIHOMIB.

[nsa pgaHoro enemeHTa (ab ..., an,...) € i\ noknagemo

[e]e]

fa(t) = '~ 2akXAK(t), (4)
k=1

pe A, =[4-1,4, *-=1.2.. i X4 ={o A*:
Topi

Il/00 = max | lac] suplafcll =~ = IHI
k k k

Mo3Haummo 4epe3 P(Q) 3ByxeHHA Q € VS(E) Ha NiHiNHWIA NpocTip cXig4acTux pyHKLi

{/ai a € £]}.
Rn (;a kXk (O— Fn (k°°
= =1

Nerko 6auntun, WO
10670 Q(fa) = q(RX(fa),..., Rm(fa)) = q(Fi(a),..., Fm(a)) = ®'1(S5)(a).
OT1xe, [ = @-1.

TeepmpxeHHA 1.2. Onq posinbHux noniHomis P € \Vs(h), Q = ®(P) € VIE) mae micue
HEPIBHICTb:

INI < IKAI-

[osegeHHs. Hexal P — cumeTpuyHmini noniHom Ha i\, P —q(F\,..., Fm) i Hexahn Q =
D(P) =q(Ri, --mRm):

Hexair, Takox, |Pl] = ¢. Toai ana koxHoro ¢ > 0 icHye XE€ i\, |pel] = 1 Take wp
c—t < |P(xe)] <c+e.



Hexai FAXe) = cl}..., Fm{e) = ¢T. Togi c- ¢ < p{cu mmcT)\ < ¢ + & Po3rnsaHemo
dyHkuii X € E surnagy (4), Il = |bell= 1 wo 3anexarb Bif Xe i, TakKi Wo

P-i{lxe) = c¢1li mmm>H-T(Ixe) — cT-
Toai Maemo, LLIO
lo(fxe) - ¢] = k(ci, m--,Ct) - ¢c|] = IP{xe) - ¢c] < ¢
i OTKe,
1Nt < HQI-

3 TBEPAXKEHHA 1.2 BUNNuBaE, WO I € HENepepBHUM.

Nema 1.1. Hexail Hr(X), H2(Y) —niganrebpn ®pewe aHaniTU4HUX DyHKUiA Hag b6aHa-
X0BHMM npocTopamn X, Y, i Hexalh T : HX(X) -> H2(Y) —HenepepBHUA ClOptKTUBHMIA
romomopism, Takuid wo T ¢ biekTuBHUM onepaTopoM 3VN{X) b v2{y), AeVi{X), V2(Y) ~
nignpocTopu Beix noniHomis B H\(X) i H2(Y) signosigHo. Togi T ¢ isomopdpismom anrebp
Hr(X) iH2(Y).

LosegeHns. Mpunyctumo, wo T @ H\{X) — H2(Y) He € iH’eKTUBHUM. TOAi iCHYE aHaNiTUYHa

tbyHkuis 7, Taka wo T(/) = 0. Hexain / = Pk ¢ 0, ge Pk € fcofHOpigHMMM noniHOMamu,
k=0 0
A=0,1,.... Togi, 3a HenepepsHicTio T, T(f) =T(PK) ¢ 0. TakMm YMHOM, CyrnepeyHiCTb

k=0
nokasye, wo T Mycutb 6yTH iH'ekTuBHUM onepatopom 3 H\{X) B H2(Y). Omxe, T € Hene-

PEPBHUM i BIEKTUBHNM. 3aCTOCOBYHOUM TeOpeMy NPOo 06epHeHe BiO6PaXeHHS A8 MPOCTOPIB
®peLte, M4 OTPUMYEMO, WO "1 — HenepepBHWIA. O

Teopema 1. Hbs(E) moxe 6yTu HenepepsHo BknageHa B Hbs{ti), Ak winbHa niganrebpa.

[e]e]

[loseferHs. Bisbmemo 7 = AAQm, 7 € Hbs{E) i €= Z Poti C € HOsS(tX¥ypm  1(Q.).

771=0 171=0
[e]e}

Ockinbkn ™ Qm 36iraetbcs, TO

771=0

limsup |[Qnji/m= \ >=0,
m—00

1< ENT)

pe ‘IZ{i) e pagiycom 36ixHOCTI 7 B E.
3 TBepkeHHs 1.2 maemo, wo ||Pmj< |IQn] Ans koxHoro T. Togi

* = i < i =N =0’
Fody limsup [IPr JI/T < limsup [IQn{i/mn 17r]§ool"E\I)

I, TaKUM YnHOM, TZtAQ —00 -

OTxXe, 3 TOrO, WO Qm e Hbs{E), Bunnmeae, wo o+ ¢ H{EN), 1 Mn maemo

m-—0 T=0
HernepepsHe BknageHHA Hbs(E) ¢ Hbs{i\), Ake € NpofoBXeHHAM [ 3i LWifIbHOro NignpocTopy

NONIHOMIB | AKe MW OyAemMO no3HayaT¥ TUM caMUM CUMBOMOM. OuyeBMAHO, WO I € romomop-
(pismom 3i WinbHUM 06pa3oMm. O

3ayBaxunmo, Wo konn I € CHOP’eKTUBHUM BIfOOPAXEHHAM, TO, BUKOPUCTOBYHOUWN /IEMY
1.1, mm otpumyemo, o Hbs(E) € izomopcpHnmM go Hbs(i 2).

Hacnigok 1.1. Mbs(E) D Mbs{t\).

2 Bwunagok Laod0, 1]
Teopema 2. Hbs{E) HenepepBHO BknagaeThea B HAILAO. 1)), Ak winbHa niganrebpa.

[osegeHHs. KoxHy dyHkuito 7 € Loo[0,1] MM MOXeMO MpPOJOBXUTK L0 (PYHKUIii 7 Ha E
HacTYMHUM YMHOM:
7, t €[ 1];
0, « €0, 00) \[0,1].
Hexait
T:Hbs(E) HUL, [, 1), T(f)b) =47)-

Nerko 6aunti, Wwo T € HenepepBHUM romomopdoiamom, \T(Qn)\ < |IQJl ans KoxHoro
N-OAHOPIAHOIO CUMETPUYHOrO noniHoma Qn i, Kpim Toro, T(Rn) = Gn. Taknm yYnHom, T €
i3omopcpiamom 3a nemoto 1.1. O

Ak iy Bunagky anredbpu Hbs(E), M1 MOXeEMO pO3rAsHYTU 3BYXXEHHS (OYHKLI 3 anrebpu
tf,s(Loo[0,1]) Ha cxiguacTi coyHKuii. 3adikcyemo n € N, Bi3bMeMO [OBiNbHWIA BeKTOp («i, ...,
a,) €Ecn i HeXah » « = [N, 1)), « =1,...,0.

AK | paHiwe, BU3HAYMMO (pyHKLitO fa(t) HACTYMHUM YMHOM:

K=1
1 t € AN
ne xa,(0 = 0 .
Toai
. =1 _ F™°)
Gm(fa) = dt =jo | |

Ang 3agaHoro / € LMO, 1] BU3HAYUMO v (o) -
yaTuX QOYHKLiN, Takmx Wwo /n —¥, npu n —00. Togi

aknXAnit) —nocnifoBHICTb CXig-

Gmtf) = lim 2"k=! "

71—0 O T



TeepaxeHHsa 2.1. Ana posinbHoro sekTopa (&,..., £,) € C" icHye cxigyaTa yHKL i
/(0 € Loo[0. 1], Taka Lo
Gktf) = &.

[osegeHHa. Bigomo (gme. [1]), wo icHye X = (x\,... ,Xn,...) € TakuiA, Wwo Fk(x) = nEfc
Togi Gk(f) = Ym D
3 Cy6cumeTpuUHi aHaniTUuHi dyHkLiT Ha E

Ona Ce Ei0 < .sx< 82 03Ha4mMmo i3oMeTpuyHi onepatopu B[81,L2AAHa npoctopi HbSH(E)
HaCTYMHUM YMHOM:

( C(1), te [0,si),
B[*,32 (L(1)) =C(A*s*2(0) =S 0. t € [sI)s2],
VOQ<—s2 +5), t€ (82, 00).

O3HayeHHs 3.1. OyHkuid / € E ecybeumeTpuunoto,akwo  f(t) = A/3SL,L)(0) Ana [o-
BinibHOro onepaTopa AfBLaZ, 0 < s, < &

3ayBaxumo, wo 0[S BZ}e aHanorom onepatopa Py, WO BM3HAYaeTbCA doopmynoto (1).
3rigHo 3 chopmynoto (3), noniHom Fkuk2 moxe 6yTW 3anmcaHWin y BUTNAAI

Fd, k(%) i:‘i'_\>~kile?+i>

| AKLLO Ki = K2, TOBIH CUMETPUYHWIA. HacTynHe TBEPAXKEHHS MOKa3ye, WO ANS CybcnmeTpu-
YHUX MOMIHOMIB Ha E cuTyauis € iHLOo.
TeepaxeHHsa 3.1. TMoniHom

roo r 00

Riibf) = /4 7(*b(t+ s)dsdt

€ CY6CHMETPUYHUM, ane He CUMETPUYHUM.
Cyb6CMMETPUYHICTL NONIHOMA € OYEBUAHOIO.

Mpuknag 3.1. PosrnaHeMo yHKyito 7 (t) = exp(—+) i BUMipHWii aBTomMopdism 01)3: Al
A3, e Ak=[k- 1 k), k=1,2,3. Jlerko 6aunTu, 1o

roo

R\b)= Jﬁ exp(-t)dt =

f exp{-t- 2)dt+ f exp(~t)dt+ f exp(-t+2)dt+ f exp{-t)dt,
AN p{ ) p(~t) p( ) JA2mhlo{)

T06T0 RX(7) = 013(T1(7)). OpHak,

roo roo

#117) = Jé J{) exp(—+) exp(—i + s))dsdt ¢

/  xp(— —2)exp(—t —s —2)dsdt + / / exp(—) exp(—t —s)dsdt+

JAX J A /A2 ) A2
oo roo  roo
/ / exp(-t+2)exp(-i- s+ rfsi+ / [/ exp(-f) exp(-t- s)dsd/, = <N3(#i,i (7)).
753Y¥Yn3 J3 |3

Takum YuHom, nosiHoM L 17 (7) He € CUMeTPUYHUM.

[nsa paHoro enemeHTa (ay,...,an,...) € Bu3Haummo oyHkuito /a(0 3a dpopmynoto (4).
Po3rnsHemMo 3ByXeHHS noniHoma [ifg (£) Ha NiHIMHWIA NpOCTIp cxig4acTnx yHKLin
{/«) a € £i}, aKe MK, K iy BUMNaAKy CUMETPUYHUX MONIHOMIB, BygeMo nosHayatu T

TBepakeHHA 3.2. BigobpaxeHHa I mae HeTpusiasbHe A4po.

LosefeHHA. Maemo, Lo

roo roo 00 00
#11(fa) = / =z > dkXAk(t + s)dsdt =
JoJ° k= fcd
9XJai+% axal= + G2,
r=1 <],

i,j=1

*J=1

BukopucToByroun Toin hakT, Wwo G2 = MU OTPUMYEMO

A

F2
r(Aii) =-y-

/F2\ R?

3 iHworo 6oky, -1 | TAKUM YMHOM,

Rig —R—F

[

Hacnigok 3.1. IcHye KomnnekcHuid romoMopism @ € M(E), Taknit wo @ 0 MIS ((:1).
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CHARACTERIZATION OF THE MACRO-CANTOR SET UP TO COARSE
EQUIVALENCE

Zarichnyi .M. Characterization of the macro-Cantor set up to coarse equivalence, Carpathian
Mathematical Publications, 2, 2 (2010), 39-47.

We characterize metric spaces that are coarsely equivalent to the macro-Cantor set 2<tl.

The well-known Cantor set

{£Ooirr | (i,))r,e{0,2}"}c*

i=1
has a macro analog

{Z kt-3rImeN, (k*Zi €{0,2}m c R,

called the macro-Cantor set (see, e. g., [1]).

The macro-Cantor set plays the same role in the zero-dimensional asymptotic geometry
as the Cantor set does in the zero-dimensional topology. It is well known that every zero-
dimensional compact metric space without isolated points is homeomorphic to the Cantor
set (see e. g. [3]). The main result of this paper is a characterization of metric spaces that
are coarsely equivalent to the macro-Cantor set.

It is convenient to introduce the notion of coarse equivalence with help of multi-valued
maps. By definition, a multi-valued map between sets X, Y is any function / that assigns
to each point x € X a (possibly empty) subset f(x) ¢ Y. Such a function / assigns to a
subset A < X the subset f(A) = (Jae/(a) -

The oscillation of a multi-map ®: X —Y between metric spaces is the function 0®:
[0,00) —[0, 00] assigning to each & > 0 the (finite or infinite) number

PG = sup{diain™(yl)) JAc X, diam(/l) < =
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Definition 1. A multi-valued map ®: X ->Y between metric spaces X,Y is called
* macro-uniform, if ®®d) is finite for each & < oo;

e acoarse equivalence, if d(X) =Y, ®_1(¥Y) = X and
®-1 are macro-uniform.

both multi-valued maps @ and

Two metric spaces X, Y are called coarsely equivalent if there is a coarse equivalence
f » X ->Y¥. In particular, the macro-Cantor set is coarsely equivalent to the macro-Cantor

cube
2<n = {(1)ifw €{0,1}w 1 3n €Ew My >m, (xn=0)}

endowed with the metric
d((xi), (yi)) = min{i €Ew \t1 =y3, forallj >1).

In the sequel, for a metric space (¥,p) anda subset C C Y by UEC) we denote the
e-neighborhood of C in Y. For any nonempty setsA B C Y we put

dist(A. B) = inf{/o(a, ft) 1a € A fte B}.
The following is a characterization theorem for the macro-Cantor set.

Theorem 1. A metric space (Y,p) is coarsely equivalent to the macro-Cantor set if and
only if there exist numbers a >0, n € N and monotonically increasing divergent sequences
(ar),em (mi)ieNof real and natural numbers respectively, such that the following holds: for
every | the set Y can be written as the disjoint union of a countable family of sets

such that for every j,k € Ndiam(Y}) < au dist(Y], YK) > o* i and the set Y3 can be covered
by 2n,+" sets and cannot be covered by less than 2 sets of diameter not exceeding a.

Proof. Without loss of generality we can assume that n\ —n* 2 —n > 2 for every |i.

Necessity. Let a metric space {Y,p) be coarsely equivalent to the macro-Cantor set X.
Then consider a multi-valued map /: X =Y from the definition of coarse equivalence and
define sequences {ar}reK {brHENIn the following way.

Put fi = 1 Suppose that we have defined ftj,... ft, and ai,..., ar-i- From the definition
of coarse equivalence for / there exist natural numbers a, > uf (bi) and fi+ > uf-i(0j).
Let i € N. We can represent X as the union x = .(JNX], where diam(Xj) = ft,
je

ubi(Xj) =xj foralj € N- Then for all I-i e Ndefine i = f(x]j)- T is easy t0 see that
Y = (Y], diam(®) =a, forallj EN, i €N
je N
Since for all 1 > 1dist(Xj,~) >1f*i,] €N, we easily obtain that dist(Y],YE) > (*-1,
j, ke N
Then we can see that for any i,j,k € N, r <j, there exists a unique | € N such that

YK c Yi- Kt
Note, that forall 1 > I.j € N, the set Y| can be written as the union YJ = lgl Y\ The

set Yj can be covered by at most 20~hl sets of diameter ax

Similarly, Yj = k|_Jl YR, Since the distance between the sets ¥2 and K2 is greater then

ay, the set Yj cannot be covered by less than 2hi~2 sets of diameter not exceeding ay.
The necessity is proved.
Sufficiency. Let Y be a metric space, numbers a > 0, n € N, and monotonically
increasing sequences (a,),6”, (n,)i6N, of real and natural numbers respectively are from the
conditions of the theorem.

Let X denotes the macro-Cantor set and

X)

= (X, X2, X3 =) Ixi = X+ =%, ---,},

where
j =1+7M+2-MR+22-TB+ ---+apmpE'+ ...,

ke € {0,1}. It is easy to see that diam(Xj) < 2\ and for every a < b, c, d, either X! ¢ A:lor
Xx:nxbd=<

We will use that ©(A) is the minimal natural number k such that A can be written as
the disjoint union of k balls of diameter not exceeding a.

For every natural i let Y = ¥/u Y2u ... be a decomposition such that for every natural
j, k diamCi'j) < at, dist(V**, YK) > o™y and 2”>< (9(Yk) < 2lj+n for every natural j. k Let
0 max — Iﬂﬁxe)(y/\)

We assume that

Yi=YluYju---uYj,

"2=CiUCu-un?,

for every natural k,t, k > t.

Step a). Consider a sequence of real numbers (rvfc) such that 1 < A < 2,
co= 1.

Let us construct sequences of natural numbers (c,)jéN (dt)ieN by induction. Let d\ —1,
and let r, > v, be such that

VA= 2,
AN

2n,1.+n _2n'h+3n+2 . g

IH-------—---- 2N oo < « 2+

2nd. ' 2nrfj+3n+2 i (a(2r + 1))
1 it 8 z a 2+x’
di > Ci-x and for any t > 2nd*,
* + <tm7,
1 «(2T
00>t @)
a Zr

Let us consider the following conditions for a multi-valued function /7 : A — B:

w/(ad_J <ndi, uf-i{ndl) <ad. (/(0)



Let p' = 2nd +3n+2

Step b). During this step for every natural i we have to construct a multi-valued surjective
function fi(A, B)(x) : A -» B, which maps the set A C Y into B C X. Here A =
Ylgi U---u Ylgt B = XY\ 1<p <p’ Also the function /t must satisfy conditions (/(1)),

(/m(2))......(/ (%))- _ _ _
Fix i €N, and let J1, B be sets. Let us construct /4J1, £) by induction. Without loss of

generality we can assume that
a=Yy;Uu--muy,u, b =x"di.

It is easy to see that
p®rd < O(A) <p- 2noa’!

Base of induction. Let /1° = A
Stepj, ] €{1,. 1- 1} We see that the set Y is written as a disjoint union of sets

Y= ARLu DAY
such that for any k € {1,.... 2ndi nd<-j+i}

, i di-j 1 -LJ- 21t-J+]1
o t=0 1 Q(2rily

the set JI* 1is the union of sets from the family {Ygl-3}, and it is assumed that
/r(J1, B)(Al~") = Xkdi-»\  }T'(A,B)(Xn*~n =A{-\
Consider the set AB-. We can represent it as the union
M~ =Yft* u ---u yE*

Now write the set Xfofi H1 as the disjoint union of 2ndi~+L ndi4 = ¢ sets, Xk
Xeli4 U--- UXg”ff‘ 3. We have to divide these sets between the sets Yk 3
Let B1: {ei,....e/} —{ki,...,ks} be a surjective function. Note that { > s. Let

YQ-i
/i) = \{et\ft{et) = fr }]. We have to find B’ that minimizes the difference of gfﬂ,’\—l)-

We see that iZ_i ®(YKi 3) = ©(™i_1)- Thus there is P such that>for every 1¢ i1'--m s}’
B(~ 'V w -2)<8(YE-n<BAl W 1) +2),
enmr')n 2 o (vi;->) (-)(Aj-*) 2
& 1 B(ky- B(K) - ¢ KM
Now let us look at B{K)\

B«l)-/ 1, , No
OAI) 4~m h

O(Y,"3) & 2Nt~ - 2nd-i+i 2ndk i
Q(A{f“"') w7 i< b ﬁnhr'h VT AT Ui+ -4p
Then by condition (a(2(r —) + 1))

XM >

2 . 2nd'-j+n-4p
+UWwi-1+ 27 - 42 n+b
/3(fcr) 2n"-i+"-4 ai-j)+i'
We see that
BT 8 (f) Bu) i1
r'y - 'Mi., tzz([bﬂ,,t - B[|4r)y - 2"d ~nd-> =i+

Now consider the set YK and B{K). The sets X0 1,..., Xog? are mapped to the set
Ykr-3mRepresent the set YkF-3 as the disjoint union of sets

N-hou.-.UMN-nh .

Now map them into the sets X0?1-3, - -m X0/ r3to minimize the difference of 0(J1{.), where
Ai = .f-\ Xkdi-3).
This can be done so that

Q(Yd~) 3(YG+)
-0~ " £6((4) < -jjjry - +6~T 1
We see that
V. kr > p m2"rf-] > 27*i'j
B{K)

then by condition (a(2(r —)))

Sii-)) m< - 3(/:) 2.1
e(lnr) i Ne(y°-l)
M)  024-) - /AN) '

Thus,

0 () 1 [ 0 () —
2ndi-ndi_j .ﬂ Q - -2 Zrll
t=2(i-j) t=2(i—)
Assume that /(J1") = X"~3, f~i(XK 3) = Ak As a result the following condition
(f(i~j)) holds:
uf-x{ndi4) <a@G j.



After step (r- 1) we obtain our function. The set A is written as the union of the family
of sets {A\71}. For every k

o<»*m < N
= 1

therefore Ab~X is nonempty. For every k and for every x € Ak~) let /(A, £)(x) = Xkdl-
Note, that the constructed function satisfies conditions (/(1))-(/(*))-
Stepc). Now we have a sequence (/,) of functions. We have to construct function from
Y to X. We can write Y as the union of the sets

YX=Y , Y =(Y*U---UYx) \Yii.

Let X = Xy UX2U..., where Xi = X™l,and Xr = Xxd*\ 11 for iEN\{1}. For
every i we have to map (Y{1 \Y/' 1) into X,

Consider step i. Wesee that ¥, = Y"I"1U -mUVIt' 1 Also 2"dn < 0(¥Yn)< 2d+ and
2™, . <0 (Yfit) < 2nf-1+n. Then 2Tdi n<1<i < 2"d* Td*'1+2n.

We have X, = XT'\X?T 1=~1T 1U -'UImJ"L It is easy to see that u = 2nf*nfi -1.
Alsow<t <upl

Now we can write ¥ as the disjoint union of sets ¥ = ¥(r,) Um- U ¥(ru), where every
Yu K is the union of w sets of the familly (YND, 1<w < %

Now for every k € {1,..., u} using the function / i O T i’ 1) we shall map the set
Y(i,k) into the set Xmk~1m N

The last theorem can be reformulated.

Theorem 2. A metric space (¥,p) is coarsely equivalent to the macro-Cantor set if and
only if there exist numbers a >0, n € N and monotonically increasing divergent sequences

(nr)iEM of real and natural numbers respectively, such that the following holds: for
every i the set Y can be written as the disjoint union of a countable family of sets {Vj}jeN,
such that for every j, k € N, diam(V") < ait dist(¥"\, YK) > a,_land the set Yj can be covered
by n my sets and cannot be covered by less than nrsets of diameter not exceeding a.

Now using Theorem 2 we can prove its more general version.

Theorem 3. A metric space (Y, p) is coarsely equivalent to the macro-Cantor set if and
only if there exist monotonically increasing divergent sequences (ar)ieNJo>of reals, (rii)ieN
and n of naturals, such that the following holds: for every i the set Y can be written
as the disjoint union of a countable family of sets {YjbeN, such that for every j, Kk € N
diam(Yj) < ar, dist(¥,, YK > a,-! and the set Yj can be covered by rnrsets and cannot be
covered by less than w sets of diameter not exceeding a0.

Proof. To prove this theorem we will show that for the space ¥ the conditions from Theorem
2 hold true. We will construct monotonically increasing sequences (bi)rem and (kt) of real and
natural numbers respectively, such that for all i € Nthe set Y can be written as disjoint union

of a countable family of sets {Zj}jeN, such that for all j, | € N diam(Zj) < bt,dist(Z], Zj) >
and the set Zj can be covered by kxsets and cannot be covered by less than k mk sets
of diameter not exceeding b0 = a0.

By the formulation of the theorem, for all i € N set ¥ can be written as disjoint union
of a countable family of sets which we will denote by {Y"}eN.

Define k = max{3, [*-] + 1}.

Base of induction. Putb =ab KN=w, t\=1 Forallj €N, let Zj = Y1 It is easy
to see that, for the family {Z;}jesJ, all conditions hold.

i-th step of induction, i > 1 We have a natural number tt \ and a real number & _] such
that 1= ati_j. We have to find numbers bt > and kt, and write ¥ as disjoint union of a
countable family of sets {Z*}jeN, such that for all j, | € N diam(Zj) < bt,dist(Zj, Z}) > 1
and the set Zj can be covered by k mkr sets and cannot be covered by less than k, sets of
diameter h0.

Consider the family of sets {¥/*1+lbem The mutual distances between the distinct
elements of this family are at least ati |I. Every of these sets can be covered by nr,_1+1
sets and cannot be covered by less than miti_1+1 sets of diameter not exceeding ho- Put
ki =mti_,+i.

Take a number tt, such that nlt > mti_1+L Consider the family of sets {YJ'}jcn- The
diameter of each of them is less than ati. Put 6r = ati. Each of them can be covered by m(
and cannot be covered by less than nti of sets of diameter 1q.

For all u € N consider the set Yj1 This set can be represented as disjoint union of a
finite number of sets from the family {y%i~1+1}jeN. Without loss of generality we can write
Y2i = YIr_1+lnyY2,_1+1un- - enYX-A+L Each of the sets Ypl~1+L, p € {1,..., >} can be covered
by mti_1+1sets of diameter b0. The set Y~ cannot be covered by less than ntl > mli_|, 1sets
of diameter ho-

Put p0 = 0. There exist numbers pi,p2, mmpg, 0 = p0 <p\ <p2<---<pg <V, such
that the sets Yp~l+l U Yp}~<+2 U - -mU ¥\' 1+l can be covered by 2 - and cannot be
covered by less than mti_1+1sets, and the set Ypir™\+L UY A+ U - - - UM “1+ can be covered
by mt. 1H sets of diameter h0. Then define

it 1+ i-
Z,ul,,_yll 141 Uy2u U o U yH |+

g-—/\glﬂfl U ﬂ u-mu YE,L'l““l

Xi _ i M MvU -i+ |
n,(4-\) =2+1U YPg-2+2 U ---U rpq i ,

Z'uM - u um'unT HHUN 1HU--muY!r*',
Put u' =q.

It is easy to see that the sets Zlr, rG {1,...<7 —1}, can be covered by 2 -rnti 1+l < kmk
sets and cannot be covered by less than = kxsets of diameter b0. The set Z% cannot
be covered by less than = kt, can be covered by 3 - < k mkt sets of diameter
h0. Also the diameters of these sets are less than ati = b,, and their pairwise distances are

less than ati | = bx\.



So we represent the set Y as disjoint union of a countable family of sets, Y = (J{Zp,q\Pe
N,g = 1,... ,p'}, for which all conditions are true. Now we can enumerate these sets by
naturals and we shall represent Y as the disjoint union of the family O

Definition 2. Ametric space (X, d) is called asymptotically zero-dimensional iffor alla >0
there exists a uniformly bounded a-disjoint cover of X.

A cover U of metric space X is called
e uniformly bounded if its mesh sup{diamC/ : U € U} is finite.
 a-disjoint if dist(A, B) >a for every A B € U.

Theorem 4. A metric asymptotically zero-dimensional space (X, p) is coarsely equivalent
to macro-Cantor set if and only if there exists number a > 0, and the following conditions
arc true:

1) for every n € N there exists r € N, such that for any x € X the r-ball Ur(x) cannot
be covered by less than n balls of radius a,

2) for every r € N there exists m € N, such that each r-ball Ur(x) can be covered by m
balls of radius a.

Proof. Necessity. By the Theorem 3 there exist monotonically increasing sequences
(«)ieNu{o} of reals, (ni)ien and of natural numbers. Put a = a0. We will show
that conditions 1) and 2) are true.

a) Consider an arbitrary natural n. Then there exists j , such that rij > n. Put d —aJ+
It is easy to see that condition 1) is true.

b) Consider an arbitrary number d. Then there exists such j, that aj >d. Put m = mJ+i.
Easy to see that condition 2) is true.

Sufficiency. Suppose that (X, p) is a space and conditions 1) and 2) are true. We shall
construct by induction monotonically increasing sequences (ai)ieNu{0} of real, (n*)iN and
(mii)iev of natural numbers to satisfy conditions of the Theorem 3.

Base of induction. Putao =a, mQ= 1

i-th step of induction, i € N. Put nt = m;_i + 1. By condition 1) for number  there
exists d. By definition of asymptotic dimension zero, for the space X there exists a totally
bounded a, _i-disjoint cover. Let b be the mesh of this cover. Put a* = max{6,d, a”i + 1}.

It is easy to see that this sequence satisfies the conditions of the Theorem 3. O

It is well known that every zero-dimensional compact metric space without isolated points
is homeomorphic to the Cantor set. In our characterization the first condition is an analogue
of “space without isolated points” in metric geometry.

Applying Characterization Theorem 4 one can easily prove the next corollary.
Corollary 1. For every n € N the hyperspace expn(2<N is coarsely equivalent to 2<N

Here for a metric space Y by expn(F) we denote the space of all at most n-element
non-empty subsets of Y endowed with the Hausdorif distance

pPH(A B) = infle > 0: Ac UE{B),B c L:{A)}.
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Konau M.l,, O6wTa A.® ., Wysap B.A.

SACTOCYBAHHA AHANOTIIB ABOCTOPOHHIX METOAIB KYPITENA
N0 3BUYANHUX ANPEPEHLIANBHNX PIBHAHDb

Konay M.I., O6wTta A.®., LLlyBap B.A. 3acTocyBaHHA aHanoris ABOCTOPOHHIX MeToAiB Kyp-
nens o 3BnYyaiiHux gndepeHyianbHMX piBHSAHb // Kapnatcbki MaTemaTuyHi ny6nikayii. —2010.
- T.2, \"2. - C. 48-54.

Mob6ynoBaHo i fOCNigXeHO aHanorn ABOCTOPOHHIX MeTogiB Kyprensa Habam»xeHoro poss’s-
3yBaHHS 3BMYaliHUX guchepeHLianbHUX PiBHAHb, SKi AO3BONAOTL OTPUMYBATU HaaNiHiNHY 36i-
XKHICTb Y BUNAaAKYy HegudepeHLinoBHOT NpaBoi YacTUHM.

Bctyn

3acTocyBaHHA ABOCTOPOHHIX Hab/MXEHWUX MeTOLIB Ha MpakTuLi YacTo YTPYAHeHe Yepes
Te, LLOB TeOpii ABOCTOPOHHIX MOHOTOHHWX METOAIB (PirypyroTbBMMOI MPOMOHOTOHHICTb
Ta NPO  OMYKNiCTbOMEepaTopiB Yy BIAMNOBIAHUX PIBHAHHAX. IcTOTHMIABKNagM.C. Kypnens
B TEOPIt0 ABOCTOPOHHIX METOAIB CTOCYETLCA MOOYA0BM TaKMX HOBMX JBOCTOPOHHIX METOAIB,
OOr'PYHTYBaHHA AKUX He MOTPebye MOHOTOHHOCTI | OMYKNOCTI NpaBuUX YaCTUH BUXIAHUX PiB-
HAHb. [1BOCTOPOHHI MeToan Kypnens 36epiratoTb HalBaxnuBili BNacTMBOCTI MeTogy Ya-
navria (gme. [2, 3]). B [7] 3ano4aTKOBaHO ifet0 BpaxyBaHHA 30ypeHb Yy MpaBuX YacTUHaXx
NiHeapu3oBaHMX A0faHKIB MeToaiB Kypnens i YanauriHa TakMM crnocobom, Lo NPornoHOBaHI
aNrOPUTMI OKPEC/KOKOTb TaKOX | CTpaTerito BpaxyBaHHS MOXMOOK 3a0KPYrieHHs 3i 36epe-
XXEHHAM [BOCTOPOHHLOI MOHOTOHHOCTI anpoKCMMaL,ii PO3B’A3KY PIBHAHHA | KBaApaTU4HOI
LUBMAKOCTI 36DKHOCTI iTepauiin 4O PO3B’A3KY. Y LbOMY NOBIAOM/EHHI AOCNIAXKEHI aHanorm
[BOCTOPOHHIX MeToAiB Kyprens y 3actocyBaHHI Ao 3agadi Kowui

¢(i) =g(t, x(t)) - h(t, (D), @

X(t0) = x0. (2)

OcHOBHa ifies MPONOHOBaHMX aNrOPUTMIB MOAArae y MOLUMPeHHI 3iHiuinosaHoro M.C.

Kyprienem B [3] nigxogy 40 piBHAHHA (1) TakMm Cnocobom, LWOo6 BOHW BGynn 3aCTOCOBHUMU

[0 PiBHAHHA BUTNAAY (1) 3 HEONYKMIOK MPaBoOH YaCTUHOK, iIKa He 060B’A3KOBO € AnbepeH-
LIIA0BHOIO.

2000 Mathematics Subject Classification: 34A45.
Kntouosi cnosa i ¢opas3v: ABOCTOPOHHI MeTOAM, YacTKOBa NiNLWKNLIEBICTb, HEMepepBHa ANPEHLINOBHICTD.

(c) Konay M.1., O6wTa A.®., LLlyeap B.A., 2010

1 MOCTAHOBKA 3AAAUI

B 3agaui (1), (2) 6ymemo BBaxaty g(t,x(t)),h(t.,x(t.)) AiiCHUMN HenepepBHUMU OYHK-
wismm npn t € [to,T]: X € S(x0,M) = Prlls —x0] < M, x € i?1} (91 —MHOXUHa AINCHMX
yumcen). Lykatumemo po3B’a30k 3agadi (1), (2) y knaci HenepepBHO AMCIEPEHLIMOBHMX Ha
[tO,T] doyHKuiN.

YM0B00  ByHa3BeMO MpunyweHHa Npo iCHYBaHHA TaKWX HenepepsHux nput € [£0,T],
Yy, L € S(xq,M) yHkuin a\{t,y,z), ax(t,y,z), b\(t,y,z), Pi(t,y,z), ang skux iscnisBigHo-
WweHb t € [to,T], y,z €5(Mo, M) Bunnueac:

(«i(t,y,Z) +ax{t,y,z))(z B y) <g(t,Z) B g(t,y), (3)

(bi(t,y,z) +0i(t,y, 2))(z-y)< h(t, 2) - h(t, ).

Mpu ubomy yHKLiT ax(t, y, {), ax(t,y,z), bx(t,y,z), Bx(t,y,z) HecnagatwoThb No Yy, He 3poc-
TawTb no {ioax(t,y, ¢ >0,k y,0) >0, ¢y, () >0, px@y,z)>0.

YmoBy (3) 6yaemMO Ha3MBaTW 4aCTKOBOK NiMLUMLIEBICTIO. BBaXaTnmMeMo 3alaHMMK Here-
pepBHO anddepeHLiioBHI doyHKLiT u(t),v(t), ana aKux

«(i0) < xo0 < v(t.o) (t € [to, TT]), (4)
u{t) <v(t), (5)
u{t) <g(t, u(t)) - h(t, v(t)), (6)

vi{t) >qg(t, v(t)) - h(t,u(t)) (t €[0T},

npuyomy u(t),v(t) € S(x0,M) npn t € [t0, T], Mo3Hauatumemo [uft), v(i)] = {Xx(t)\u(t.) <
X(t) <v(t)}. Mobyayemo iTepauiiH1iA Npouec 3a AOMOMOroH IOpMy/

yo{t)=u(t),zo(t) = v(t) (7)
Yn+1(") = ®i(*>2/n(0ir"(0)IYnH\ (0 ¥n(i))
bx(t,yn(t),zn(t))(zn+x(t) - zn(t)) + g(t,yn{t)) - h(t,Zn{t)), (8)
n_|LIO —(etl(t) ()i zn{t)) b&qt, yn{t)i 1(i))) (2@  zn(t))
yn(), zn(t)) + Bx{i, yn(t), z..()(yn+i(i) - yn(t)) +g(t, zn(t)) - h(t, yn(t)),

yn+i(to) = zn+x(t0) = x0. 9)
Teopema 1.HexalicnpaBpXyeTbcq yMoBa By i 3agaHi QyHKYii u(t). v(t) 3af0BO/MbHANTD

cnigBigHOWeHHA(4)-(6). Togiana iTepayinHoro npouecy (7)-(9) MarTb MicLe CNiBBIJHOLWEH-
Wh(t) < Ymiit) < zn+x(t) < zn(t), (10)

pen=0,1,.,.,i€ [toT\



LosegeHHa. dopmynu (7) i HepiBHIiCTb (5) 03HauatoThb, WO yO(t) < zO(t). 13 (6) Ta (8) And
n = 0 BUNUBAE, LU0

Wi}) -¥Yo(1) > ax(t,y0(t), zO(t))(yx(t) -y 0(t)) + bx(t,y0(t), z0(t))(zo(t) - zx(t)),

~o0(0 - z[(t) > (ai(t, yo(t),z0(t)) + ai(t,yo(t),zo(t)))(zo(t) - zx(t)) + {bx(t, yo(t), z0{t))+

Pi(t,yo(t),Zo(1)))(yi(t) - yo{t)).
3BiAcK 3a TeOPemMOoro NPo AndpepeHLianbHi HepIBHOCTI [2] Maemo, Lo npu t € [to,T]

yi(t)>yo(t), Zi(t) < z0(t).

Kpim Toro, 3 (8) Ta (3) Bunnmeae
2i(0 -Yiil) = Mt,yo(t),zo(t)) + bx(t,y0{t), z0{t)))(zx(t) - Y i(0)*“

(a\(t, yo(t), zo(t)) + bx(t, yO{t), zo{t)))(zo(t) - yo{t))~
oti(t, yo{t), z0(t))(z0(t) - zx{t)) - Bx{i, yo{t), zO(t))(yx(t) - yo(t)) + g(t20(i))-
g(t,20(i)) + /(™ ~o(i)) - Mi, i/o(i)) ~
(a1(i,y0(i),20(0 ) + bi(t,yqt),Zo(t)) + a>{t,yo{t),z0{t)) + Bx{i, yO(t), zo(t)))(zi(t) - yi(t))+
ai(t,yo(t), Zg™)~! - y0) T Pi{tyo(t),zo(t))(zoit) - ZXt)) >
(ai{t,yo(t), zO(t)) + bx(t,yO0(t),zo{t)) + ax(t,y0(t), zO(t))+
Br&vo(i),Co(i)))(Qu(i) - yi(t)).

3HOBY CKOPUCTaBLUMCL TEOPEMOKO MPO AMpepeHLiasibHi HePiBHOCTI, pO6GVMO BMCHOBOK, LLO
npu t € [to, T]
Yi(0 < Zi(t).

OTmxe, cnisBigHOLWeHHsA (10) gosefeHi and n = 0. MNpunyckawoum iX cnpaseiinBiCTb Npu
n=k—L npun =k i3 (8), (9 Ta ymoBM BXMaemo:

Yk+1 (0 - Vkif) = g(t,yk(t)) ~g(t,yk-i(t)) + h(t,zk-i(t)) - h(t,zk(t))+
ai(t,yk(t),zk(t))(yk+i(t) - yk(t)) + bx{t,yk{t), zk(t)){zk(t) - zk+x(t))-
ax(t, yk*x(t), zk*x{t))(yk(t) - yk-\{t)) - bx(t, yk_i(t), zk_x(t))(zk- x(t) - zk(t)) >
a\{t, yk-i(t), yk(t)) + ax(t,yk-x(t),yk(t))(yk(t) - yk-i(t))+
bi(t,zk(t),zk-i(t)) + fii(t,zk(t),zk-i(t))(zk-i(t) - zk{t))+
ai{t,yk{t),zk{t))(yk+1(t) - yk(t)) + bi(t,yk(t),zk(t))(zk(t) - zk+x(t))~
ax(t,yk-x(t),zk,,x(t))(yk(t) -y k-i(t)) -bi(t,yk-i(t),zk-i(t))(zk-i(t) - zk(t)) >
a\(t, yk(t), zk(t)){yk+i(t) - yk(t)) + s6i(t,yk(t),zk(t))(zk(t) - zk+I{t)),

Zk{t) - 4+1(t) = g(t,Zn-i(i)) - g(t,zn(t)) + h(t, yn(t)) - h(t,yn_x(t))+

{ax(t,yK(1), Zk(1) + ax(t,yk{t), Zk())){zk{t) - zk+xft))+
(bi(t,yk(t),zk(t)) + fii (t,yk(t),zK(6)) (Yk+i(t) - yk{t))~
YK-1(0) ZK-1(0) + «i(*. Yk-i(i), zk-1(t)))(zk-i(t) ~ Z{t)) —
(bi(i, Aei(i), Mc-i(i)) +/5i(i,i/fc-i(i).2fc-i(0))2/fc(i) -i/fc-iW) >
{ax{t,yk(t).zk{t)) + ax(t,yk(t), Zk()){zk(t) - zk+I(t))+

(bi{t, yk{t), zk(t)) + BX(i, yk(t), zk(1))) (Yk+x(t) - yk(t)),

NeH(0 —2/cH (0 = gif, zn{t)) —g{t,yn(t)) + h{t, zn{t)) —h{t,yn{t))—
0il{t,yk(t),zk{t))(zk(t) - ZcH(i)) - BirIqy), Z{t)){yksX{t) - (i) +
(«(?/n(?),-2n(0) + bl(t,yn(t), Zn(t)))(zn+X(t) - yn+x(t))~
(ax{t, (D), 20(D)) + 6i(i, yn(t), Zr{)){zn(t) - yn{t)) >
(an(i, yi(i), 2fc(t) + [t y k{t), Zk{t) + Oil(i, I/fc(i), 2fc(i))+

A(i,y (i) fc(0)) (2fc+i(0 - Yiiit))-

3 OTpMMaHMX cniBBigHOLWEHb, BPaxoBYyO4M TeopeMy Mpo andiepeHuianbHi HePIBHOCTI, odep-
XKYEMO, LLIO

Yr+iit) - yk(t) >0, zk(t) - zk+x(t) > 0, zk+x{t) - yk+\{t) > 0.

Lle o3Hayae, WO HepiBHOCTI(10) BMKOHYKOTbLCA | NpyM N —K. 3rigHO 3 MPUHUMUMNOM MaTema-
TUYHOT IHAYKLUIT, TeopemyBBa)kaeMO [OBEJEHOIO. M

Mpy BUKOHAHHI YMOB TEOPEMM MOXHA rapaHTyBaTu 30iKHICTb iTepauiiHoro npouecy (7)-
(9) fo HenepepBHO AMIEPEHLINOBHMX KOMMOHEHT Y(t),z(t) po3s’a3ky @{t),z{t)) cucremu
piBHSAHb

y{t) = g(t.y(1)) - h(t,z(1)), (1)
z\t) = oft, z(1)) - h(t, y{1))
3 MOYaTKOBOK YMOBOH
y(to) = z(to) —xo (12)
TouHiwe, MOOIAOBHOCT {yn{t)} Ta {2n(0}) yTBOpEHIi 3a LOMNOMOro iTepaLinHOro npowecy
(7)-(9), 36iraloTbCsA PiBHOMIPHO, MOHOTOHHO He cragatoum Ao y(t) Ta MOHOTOHHO He 3pocTato-
um 10 z(t) HenepepBHO AMEpPEHLIAOBHUX Ha [to, T] KOMMNOHEHT po3B’'asky {yit), z(t)) 3agaui
(11), (12). Ue Bunnueae 3 piBHOMIPHOT 0O6MeXKeHOCTi | piBHOCTENMEHEBOI HEMNEPEPBHOCTI NOCHi-
posHocTelt {yn(t)}, {zn{t)} Ta 3 IX MOHOTOHHOCTI. OgHaK YMOBWN TeOpemMun He 3a6e3MeyyoThb,

B3arani Kaxy4un, 36iXKHOCTI KOXHOT 3 UMX MOCNiA0OBHOCTel abo OfHIET 3 HMUX [0 PO3B’A3KY
3agavi (1), (2).



Teopema 2. Hexaii cnpaBikyoTbes ymoBu Teopemu (1) i, kpim Toro, 3agaya (11), (12) mae
EANHUIA HemepepBHO AH(epeHLinoBHNUIA Ha [t0, T] po3saszok (y(t),z(t)). Togi 4ns e4UHOTO
HenmepepBHO gudepeHyiiosHoro Ha [t0,T] poss'asky Xx(I) sagaui (1), (2) TanocnigoBHocTeM
{yn()} 1@ {-.(E)}, yTBOpPEHMX 3a gonomorotw opmyn (7)-(9), npun =0,1 € [to, T]
MaKTb Micle CNiBBIAHOLWEHHS

vn(t) 5: Yn+l(t) » x(f) < Zn+\(t) < zn(t),

NPUYOMY Li NOCNIA0BHOCTI piBHOMIpHO 36iralTbea 40 X(t) Ha [i0, T], BignoBigHO He cnagatyn
Ta He 3pocTarnym.

LoBefeHHd. Ockinbkuy (y(t), z(t)) € po3s’askamum 3agadi (11), (12) i po3B’a3KoM Ljiei 3apaui €
Takox napa (x(t), x(t)), To 3 nonepesHbLOro 3ayBa>KeHHS i 3 iCHyBaHHSA pPo3B’A3KYy X(t) 3agavi
(1), (2) Bunnmeae, wo y(t) = z(t) = x(t). Tomy MOXXHa BBaXKaTn TEOPEMY AOBELEHOIO. O

Onsa oTpyMaHHA ouiHOK 36iXHOCTI npouecy (7)-(9) ymoB nonepegHix ABOX TeEOpPeM, 30Kpe-
Ma, 4acTKOBOT NinwunLieBocTi (3) nNpaBol YaCcTUHU PiBHAHHA (1) HejoCcTaTHbLO.

YMoBow B2 HasgeMo npunylweHHs npo Te, wo npu t € [to,T], y < z vy, { € S(x0,M)
CNPaBAiKY TbCA HEPIBHOCTI

y(t, z) - ot y) < @\t y. z) +a2(t,y, 2))(z - y),

h(t, §) —h(t, y) < (bi{t,y, Q) +p2(t.y, 2))(z - y)

3 TUMKM X camumn dpyHKLismn ax(i, y, (), bX(t, y, (), ki cirypytoTb B yMOBi By i HenepepBHM-
MU HeBif'eMHUMU doyHKUiamm a 2(t,y,z)), P2(t,y,z).

Teopema 3. Hexalt BUKOHYOTbeA YMOBU BY Ta B2 i dyHkyii yn(t), zn{t) npu n = 0,1,...
3a[0BOMIbHA T CcniBBigHOWEHHA (7)-(9). Togi npu n = 0,1,...,1 € [to, T] mMawTb Micle
OLTHKM

4+0(0 - YOHL(0 < /n2)(0(~+i(0 - Yn+1(0) + - yn(i)), (i3)

Ta
wn+i(o  yn+1(0 < J&o 4 1s)exp st fWte)(%(zn(s) - y n(s))ds, (14)

ne
= a2{t, yn(t), zn(t)) + p2(t, yn(t), zn(t)), (15)

fE\t) = ax(t,yn(t,),zn{t)) + Pi(t,yn(t),zn(t))
[osegeHHa. 13 (7)—0) Ta 3 ymosu B2 Bunnusae, LI
4+1(%) - 2qH(0 = 9o(t,zn(t)) -9 (t,yn(t)) +h(t,zn{t)) - h(t,yn{t))-

ax(i, yn(t), zn(t))(zn(t) - zn+1(t)) - BA{L yn(t), zn{t))(yn+I(t) - yn{)+
(ax(i, yn(t), zn(t)) + bx(t, yn(t), zn(t)))(zn+(t) —Yn+i(0) —

(ax{t,yn(t), zn{t)) + bx(t,yn(t),zn(t)))(zn(t) - yn{t)) <

(ax(i, yn(t), Zn(t)) + a2(t, yn(t), zn(t)){zn(t) - yn(t))+
(bx(t,yn{t), zn(1)) + /2(i, ¥n(0. zn(1)))(zn(t) - y.())+
(f1j (t, yn(t), zn (t)) % bx(t, yn(t), Zn(t)))(2n-)2(i)  Yn+1(t))
(ar(i,i/n(i).2,, (1)) + &i(i,!/n(i)>"Tn(i)))(2n(i) - 1y.(0) =
fa\t)(Zn+x(t) - yn+\{t)) + T 1HO0 (~ (0 - 1/n(i)),

TO6TO MaeMO ouiHKY (13). OuiHka (14) sunnmeae 3 (13), AKLWLO0 CKOPUCTATUCL TEOPEMOKO MPO
AndbepeHuianbHi HepiBHOCTI [6]. O

3ayBaxeHHs 1.1. XapakTep 36bkHocTi npouecy (7)-(9) BU3HAYaETbCA CTPYKTYPOI PyHK-
Wi ax(t,y,z), bx(t,y,z), a2(t,y, z), p2(t,y,z). AKWo, 30kpema,

«2(ty,z) =a3(ty,z)(z - )1, B2(i,y, Q) =B3(i,y, 2)(z—y)l (7> 0),

ne a3(ty, z), A(t,y, z) HenepepBHi HeBigeMHI npn t € [t0,T],y < z,y,z € S(x0,M), T0
3rigHo 3 (14),

fn\t) = (a3(t.y(1),z(t)) +B3(i~(i), (1)) (n(i) - yn(t)y. (16)

MigctaBnatoum (15) B (14), npn 7 > 0 gna itepayiiHoro npouecy (7)-(9) otpumyemo
HaaniHiiHy 36DKHICTb, a Npn 7 = 1T1a 7 > 1 iTepauinHnii npouec (7) (9) xapakTepu3yeTbes
KBaApaTUYHOO I, BiANOBIAHO, HAAKBAAPATUYHOK 30DKHICTIO. Y TOMY BMNaAKy, Koiu

U ~_dg{ty) : A_ dh(t, y)
al (t,y,Z) - _;; bX(t,y,Z) = —Fy- ------ ,
1d2g(t, y) u 1 d2h(t, y)
«(t,y,z) =2Qi (z~y) =2 fry2

MaTUMEMO KBagpaTtu4Hy 30DKHICTb Npu 7 —1, i OTpMUMaHi pesynbTaTti OXONJKOKTL BiAMo-
BiiHI pe3ynbTatn M.C. Kypnens i3 [2, 3]. Akwo, Kpim TOro, ofgHa i3 qyHKUi g(t, X) abo
h(t,x) TOTOXHO [OPIBHIOE HYMHO, TO Pe3ynbTaTu, AKi OTPUMYKOTbCA i3 HaBeAEHWX TEOpeM,
OMMCYOTb OCHOBHI BNacTMBOCTI MeTody YannuriHa i 6araTtbOX MOro pisHOBUAB.

3ayBaxeHHa 1.2. BigMmiHHicTb anropuTmy (7)-(9) Big anropuTmis M.C. Kypnens 3 \2 3]
CTOCYETHCA MOXKAMBOCTI OTPUMATU HAANTHIAHY 30iXKHICTb anropuTMy AN Hegudepenyinos-
HUX GYHKLiA g(t, x) abo h(t, x).
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IMocTpoeHbi 1 ncnegoBaHbi aHanorn ABYCTOPOHHUX MeTodoB Kypnens npubav»XeHHOro pe-
LUeHMA 00bIKHOBBEHbIX AMdIdepeHUManbHbIX YpaBHEHWUI, KOTOpPbie MO3BONAKOT nony4vaTb CKO-
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Y cTaTTi po3rnafaeTbCa NMUTAHHS Mpo iCHYBaHHS y Knaci [enbjepa po3B’sa3Ky MO4YaTKOBO-
KpaioBoi 3afavi Ana NiHiiHOro NapaboniyHOro piBHAHHA APYroro NOpsAKy 3 PO3PUBHUMMU KO-
eqpilieHTaMM 3 KpalioBOKO YMOBOK) Ta YMOBOK CMPSXKEHHS, SKi, K | piBHAHHA B o6nacTi, Bu-
3HAYalThCA NiHIAHAMM NapaboniyHUMKU onepaTopaMy APYroro nopsiaky.

Y uii npaui 3a 4ONOMOro MeToAy napabosniiyHMX NOTeHLianiB AOCNILKYETLCA MUTaHHS
MPO KNnacu4yHy po3B’A3HICTb y Knaci enbgepa napabonivyHoi 3agayvi CNPSHXKEHHN 3 NPUMYLLEH-
HAM, LU0 Ha BHYTPILUHI/A | 30BHILLHIA MeXi obnacti 3 knacy lenbfepa H2+x 3agaHi ymoBa
CNPSHKEeHHSA Ta KpaioBa ymMOBa TUNy BeHTuUens. 3ayBaxmnmo, LU0 3afadi 3 KpalioBMM Onepa-
TOPOM APYroro rnopsagky eninTMyHoro ta napaboniyHoro TUNis Ans napaboniyHuX PiBHAHb
APYroro NopsAKy BUHMKaKOThb B TEOPIi BUNaAKOBMX NPOLIECIB NPY BUBYEHHI 3aa4i Npo “ckne-
toBaHHA " AndoysiriHMX npouecis [3, 8]

Y Takili noctaHoBUi c)opMynbOBaHa HamMK 3afiavya BMBYAETLCA ynepLue. PaHiwe nopioHi
3aiayi BMBYaIMCA METOAOM MoTeHuiany B poboTax [10] - [13]. B [1] i [15] noyaTkoBO-Kpaiiosa
3afava BeHTuens BMBYanaca 3a 4ONOMOrOO iHLWIMX METOAIB, a B MOHorpacdisx [4, 5, 7] ana
napabosiivHUX KparoBmX 3alay4 PO3rOPHYTO 3arajibHy Teopito.

1 OCHOBHI Mo3HaueHHSs Ta AesAKi O3HaUeHHS
Hexalh R", n ™ 2, —n-BuMipHUin eBknigis npocTip; REH =Rnx (0, T), T > 0 —cik-
COBaHe; = R"-1 x (0,TO\ x = (XX,... ,x0-i, xn) = (x',xn) — T0o4Yka B K"
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ApYyroro Nopsagky, NiHiMHI napaboniyHi onepatopamu Apyroro nopsgky.

©Konutko B.l., Mnneo O.4., Llanoscbka XX.A.. 2005



X = (xXr,... ,Xn-i) —To4YKa B i" (x,t) = (x',xn,t) —T04Kka B ME+], (X',t) —TOuUKa
B L (ry) = TR = (X )—f>2\><\2 (1,0 = £ Xxi-
=1

r=1
POSFI‘IFIHGMO B R" 06MmexeHy 06I'IaCTb V 3 INagKoo Mexero S. I'Ipl/lrlycwuvlo wo V pos-

AineHa Ha ABi o6nacti [ i T2 nosepxHeto S\, npmyomy S MSi = 0. Hexah npu UbO-
My V! —riigobnactb 3 Mexeto Si, a T2 — nigo6nac/rb 3 mMexeto 52 = S U Si. Yepes
Mf) = (vi(X),..., vn(X)) Ta uw (X) = (~(x),...,1¥n\X)) No3Ha4aTUMEMO OAVMHWYHI Be-
KTOpPW BHYTPILLUHIX HOPMa/ieil no BifHOLLUEHHIO A0 o6nacTi T2 B Toukax X € 5 Ta X € Si
BB Moknagemo 'Em N Sm, Qji N0, T), Siix QM m 12
V=VUS,Z =S X][0,T].

BBefileMO Mo3HaveHHs A4n1s onepaTopis AndoepeHuitoBaHHA: Dt i Q{ —CUMBOIN YaCTUHHOT
MOXigHOT Mo t 3 MOPAAKOM I i BYAb-AKOT YaCTUHHOI MOXIAHOT MO X 3 MOPSAKOM p BigNOBIAHO,
fe r, p —uini HeBig’eMHi umucna; [ = 4 =£-,Df=0,i,j =1,....n; V=
(DX, ..., Dn), S ta I"(r = 1,...A,n) — TaHreHuiabHUI ,qmcpepeHu,ia}lemVl oreparop Ha
S 1a Si BignoBigHoO, TOBGTO Ar = ElrlkDK ae Tk =iir - Uk & = }231111( Dk, ne 1if<\ =

- K1 ). 8 —cumBon KpoHekepa. BUKOPMCTOBYBATUMEMO BM3HAueHi B [6] mpocTopm

Fenbaepa #i+N(H+N/2(TE +1), AAAAARLET), Ar+AIT) (1 =0,1,2; 1 = 1,2, X€E (0,1)
- (pbikcoBaHe) Ta Kfiac NoBepXOHb A 2+A TAMHOXMHY COyHKUIR 3 A HAEHAL(A), aki (y
BUNaAKy | = 2 pa3om 3 MOXigHOKO MO t) MepeTBOPIOKOTLCA B HY/b NpK t = 0 NMO3HaYaTUMEMO
vepes A FA/AAAE), a yepes |UIs'+*(B) Ta |M]s a(i+)/2(B) No3HaYaTUMEMO HOPMY (yH-
Kuii w B Hi+XB) Ta A (+A(+A2(5), ae B —ofHa 3 MHOXWH Ll Ta R £+ a6o Em, 7 = 1,2,
BiANOBIAHO. Bcrogn Hux4Ye C, Ta ¢ —04aTHI CTani, AKi He 3anexatb Bif (X,t), KOHKPeTHI
BE/IMUMHU AKUX HAC LiKaBUTU He ByayTb.

2 [Mapa6oniuHi noTteHyiann

Po3srnaHemo y wapi IRE+L fBa piBHOMIPHO NapaboniyHi onepatopu ApPYroro MOpsAAky 3
0OMeXeHUMKN KoedpilieHTaMn BUT ALY

n 7

Lsu = 2 aij\xif)Diju + ~ aiS\x,t)Diu +«iV . fju - Dtu, s =1,2. (1)
i,j=1 i=1
Mpunyckatumemo, WO KoedilieHTV ornepaTopiB Li i L2 BM3HA4YeHi B R A+l i BMKOHaHI
YMOBW:
(Al) E »F>(L LW i > 47 =47, 0-1.2. Y(M )€1?2\ V{ER™

(A2) «;;], 0">. Cc hw 2(S*-1). s=12, ,=1.... n.
Ywmosu (Al), (A2) 3a6e3nedytoTb iCHYBaHHS 3BMYaiHOTO (PyHAAMEHTa/IbHOTO PO3B’A3KY
(p.p.) Gs(x, i',¢1) 0<T<t<T, X, & €M") ana oneparopa Ls, s = 1,2 [6]:

Gs{x,t-,Ar) =G ENX,t-,NT) + Gu (X,t-,i,T), s=1,2, (2)

GEN(XLET) = Gopt)(x -, xn-&n. i - 1) = (2/m~n(det A3(E, r))~1/2At - 1)~n/2

i = Li2i (=T 3)
4(i- 1)
= (al(~T)). . A~ = (a(h)("1)). ~ MaTpuus, obepHeHa O maTpuLi

Li(E) T)i Gis —iHTerpanbHWMiA YneH, Sknid Mae Ginblw “cnabky” ocobnmBicTb, HX Gd't>s (3)
npnt —=r+0iGs"0, dkwo t < T. [lo TOro X iCHytOTb Taki gogatHi ctani C i ¢, wo ans
pyHKUIM Gs i Gis M 0 < T<t <T, X, & ER", 2r +p < 2, cpaBeANMBI OLiHKM

\DID'XG, (X,t\(,T)\ < C(t - T)-("¥+p>/2 exp/ _c!£ Nilll (4)

|£>ga.Ax, (& D] <Clt- O-p+rpaew/ ¢ ] 6

Po3rnaHeMo napabosivHi MOTeHLiann NPOCTOro Lwapy:

u{\x,t) :J er Gs(x,t-,.£,T)Vs(£,r)aat, (x,i)eR"NH, s=1,2, (6)
0 S

t -
uf)(x,t) :J er G2(x,t;t,T)VO(t, T)dat, (X, 1) EREH], (7)

0 s
ge \s, s = 1,2, Ta W0 —3ajaHi BIgNOBIAHO Ha 21 Ta X OOMeXeHi BUMIPHI pyHKUIi. AK
Hacnigok 3 ouiHok (4), (5), dyHKuii ™\ HenepepsHi B ME+L, 3a40BO/IbHAOTb PIBHAHHA
Lsu =0,s = 1,2, B EE+I\XX, Lsuf* =0, B KE+I\Z i nouatkosy ymosy rxi*(x,0) = 0,

4 O}x,0) =0.
Hexan agna (x,t) € X] 1a (X,t) € X BM3Ha4yeHi BEKTOPU KOHOpMasein =
(N[s\ x,t),..., NS\x, t)), Ns\x, t) = jl- ajf(x, )i/jI(x), i=1,...,n,s =12 TaN(X. t) =
3=l

(Ni(x,t),..., Nn(x.t)), Ni(xt) —JY"anX AVi(x), T =1,,..,n. fAkwo ¥ € FANAE),
s= 12, Ko e S(:)l)\’)\/Z(Z), TO 241} € S(:)|1+a’(1+a)/2(l'l8), s=12,40¢€ 5(:)|1+a,(1+a)/2(l'l2) (ams.

[2], [6], [14]) i ans KOHOPMaNbHOI NOXiAHOI OYHKL, i s —1,2,1a npasuabHa oopmyna
cTpubka ([6, c. 459])

At 1 FdGs(xt- A LN N tos
am (d =JO dTgi aw-Kxt) + ™D ry-(xJ21 (xi)ex™ (8
owo)2.i) f  [dG2xt-E, T
OB S im e ez, o)



ICHyBaHHs iHTerpany y npasiii YaCTuHI (8) BMMNAMBAE 3 HepiBHOCTI (0 < T <t < T,
Xx.£ €S ' .
<OGs (X, i, E., T) <c(t- r) -(n+1-)\)/2 exp <—¢ \X‘E\ (10)
dN 7~ (x, t) t—T
AKa € BIPHOM 1 ANng agpa auwx” Y copmyni (9) npm 0 <1 <t <T, X, €S.
3a gonomoroto do.p. Gs, s = 1,2, 3 (2) BM3Ha4atOoTb We fABa NapaboniyHi noTeHuianu,
AKi 3aCTOCOBYHOTb MpW PO3B’A3aHHI 3afadi Kowwi gng 3arafibHOro napabonivyHoOro PiBHAHHSA
apyroro nopagky. Lic - noteHuyian MNyaccoHa

n@(x,t)= j Gs(xt-£, 0)8(%)dE, (x,t) € I+ s=1,2, (11)
i 06’eMHMIA NoTeHLian
ur(x,t) =J drl Gs(x,~,r/s((,r)~ xn e S (12)

ge ¢s(0 i iB(& 1), S= 1,2 —3agaHi yHKUii. AKWO NpunycTUTH, Wo @3 — obMexeHa i
HenepepsHa B La /, € AA ) To Bigomo (aus. [6, . 1V, § 14]), wo cymkyii v®
M2\ « = 1.2, HernepepBHi B RE+L, Ta 3310BONbHAIOTL PiBHAHHA Lsus = 0, Lsu® fsi*

1,2, B My.+1i noyartkosi ymoBHU rii2)(x,0) = ¢B(Q), (rr,0) = 0, x € M7L, s —1,2. [lo Toro
X W[ € //24NQ2N/2(|n+i), a'y BUMAAKY, KOMM @,, € S2+ABIN), i nid) € S 2+AQR+A2(I £ +1).

3 Perynapusatop nepwoi kpaiosoi 3anauvi

BusHaummo kpaitosi onepatopu £5, s = 0,1, 2, gKi NOTIM BUKOPUCTAEMO B AKOCTI peryns-
pY3aTopIB CUCTEMM IHTErpasibHUX PiBHAHbL BonbTeppy, ekBiBaNeHTHOT 40 CrOpMYyNbOBaHOI
y M. 4 No4aTKOBO-KPaoBOi 3afadi. 3ayBaXXMMO, WO KOHCTPYKLiS LMX orepaTtopis MOBHi-
CTHO 36iracTbCs 3 KOHCTPYKLIED iHTErpo-andepeHLiianbHOro oneparopa £ fKuiA BnepLue 6ys
BBeZeHMI y poboTax [2, 14]. Onuwiemo CTPYyKTypy onepaTtopa £0, AKWiA NOB’A3aHUIA 3 onepa-
TOopom L2 Ta noTeHUia1OM Mpunyctmo crioyatky, Wwo S = Rn_1, a oTxe, ¥ = ME
PosrnsHemo B LU, napaboniyHWii onepatop HacTynHOro BUrAAgy:

4 =f>gV ,i)D,, -Dt, (13)
ij=1

feh{2d = off - a-2)a"2) (a”) hj=1,..., n-
Hexain 'H2(x",i-,¢',1) O <r <t <T, x',¢" €R"-1) - h.p. ans onepatopa Z2, i Hexai
pyHkuis h3agaHa B RE. MosHaunmo ((x',t) € Rj.)

E.0C,0-=4 ;11 J(t-7)-U22Imj %, L& DPE, 1)< (14)

Nema 3.1. ([2], [14]). OnepaTop £0 € ninizinum 00MEXEHUM 0NepaTOpPOM, WO BifobparKae
npocTip # 1+a'(1+a)/2(RE) Ha npocTip #AN2(RE). Mpu ubomy icHye ob6epHeHMIA onepaTop
£-1 . HAM2(jjjn) # 10\, (1HN/2(jjin) _

(o] 0

3ayBaxKxeHHSA 3.1. BUKOPUCTOBYKUM CXEMY JOBEAEHHA fIeMn 3.1, MU BCT@HOB/IIOEMO TaKOX,
wo onepaTop £0 Bigobpaxkae npocTip //24+a+a)/2(r «) Ha npocTip //IHA(HA/2RE) 1 npn
(0] (o]

LboMY icHYe obepHeHuit onepaTop £0 1: //IHA(HA/2(RE) —m//2+A(2+A/2(R £E).
0o (]

3ayBaXumo, Wwo £0 — perynsapusaTop y BUNaaKy nepLuoi KpainoBoi 3agadi (MOAeNbHOI)
(ams. [2, 10, 14]), a came:

£0(x " Ann = (A2x',1)v(x’), v(x)~12\O(X", 1) +

t
Jard Kooy, 0voE e, Y70€ 9 AM(I2): (15)
0 R»-1

[o Toro X ana agpa K2o cnpasegnvea ouiHka (10), y npasiii yacTuHI aKoi Bupas X —£J2
Tpeba 3amiHUTK Ha Bupas W —'|2

PosrnsHemo Terep BMNafoK, Konv mexa S o6nacTi V —enemeHTapHa NoBepxHs, T06TO
S={teRn|r,=F(r)}, pae dyHKUid F 3a40BOSIbHAE YMOBY

F € H2+x(Rn~l). (16)

Hagani nosHavyaTMemo 3HayeHHs OyAb-aKoi doyHKUii v(X, t) Ha = = S X [0, T] uyepe3
v{x',t). Toai perynsapu3atop £0 MOXHa BU3Ha4YMTW PiBHICTIO (14), B AKilA 4p0

T2(x i LiT)  CHAMNX, L, 7Y POEpe) En_nMES)

€ do.p. onepatopa (13) 3 KoediLieHTaMm
y? =42 “ “i?  ® )~1. (17

ge W2 =ajd =af),i,j =1,....,MN- 1,09 =4? = - X

A

«in=ain- 2 o™Fk+ > a”FkFh Fk=8f k=1,...,n- 1
fcd fcH

LLlo cTocyeTbea Aii onepatopa £0 Ha noTeHuian r4°\ 1o ii pe3ynbTar BU3HAYAETbCA PIBHIC-
To (15).

MepexoamMmo [0 3arasibHOro Bunagky. Mpunyctnmo, Wwo mexa S obnacti V —Oyfb-aKa
0OMeXeHa rinepnoBepxHs 3arasibHOro BUrnagy 3 knacy H2+x Haragaemo, (aue. [2, 6]), wpo
S Ha3MBatOTb MOBEPXHEID Knacy H2+x, AKWO KOXHa ii Touka X° Mae okin Ox0 Takuid, Lo
MHOXMHa 5MOxo ONUCYETLCA B TOKa/bHIN (MicLEBiii) cucTemi koopamHart {y} = {yb ..., yn},
3B’AA3aHili 3 TOUKOIO X°, PIBHAHHAM

yn = Fxo(y'), yl€ Bx, Fxoe€ H2+x(Bx),
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ge Bxo = {y' € Mn 1Y\ < d}, go 1oro x crtana d > 0 He 3aneXWUTb Bif TOUYKM X°, i
CKIHYeHHOO byae BenM4yMHa suE%||Fx(y)| |/2+ABE:
X

Moknagemo VE = ix €V |Xi&g WX- x0]< eJ\ (¢ > 0), | Hexalh y — 6yab-AKe mane

pogatHe umncno (0 <y < d/2). Toai (aus. [9]) icHye Taka CKIHYeHHA MHOXWHa (DIKCOBAHMX
Touok {x(M@ €5}, T = 1,...,N, wo o6nacti Vfn),j = 1,2, B NOKaNbHiin cUCTeMi KOOPANHAT
{y}, 3B’3aHili 3 TOUKoO X(T\ 3aNUCylOTb Yy BUINAAI

V) = {y EWLIV\ <j/i, Dh- EXm)N\ <ju},  J=12
1 BOHM BONOAiHOTb BNACTUBOCTAMM:

1)/ ICHYe Take umcno € = g(J), wo T c anJV[m",

2) icHye Take uine uncno NO (ke He 3aneXxwuTb Bif {), WO nepetuH 6yab-akmx NO + 1
ob6nacteii 2™ NOPOXHIl.

BeegemMo “po3ouTTd ogvHMLI”, WO NignopsakoBaHe MoKpuTTo U XEr N “MexeBoi cMyrn’”
"I)e, a came cuctemy cpyHkuin {w(n) € C*QR™)} 3 HacTyNnHUMK BNaCTUBOCTAMMW:

0<wn@ <] u/m=1npn x € 0 npu x € MNES2"\

N

supp(w(m)) C I=2r)- yrm/w)(x) =1, akwo X€ T, (18)

771=1

i Hexal 1
" )

a(r) = u(r) e('0 = P<r>MS, j =1,2. (19)
m=1

Hexain {y, i} —micueBa cuctema koopamHar B Touli X\ KoopanHatn {x} i {y} 3B’A3aHi
CNIBBIAHOLUEHHAM
Y = C{1\X - X{1]),
fe C(wW —opToroHaibHa Matpuus, X i Y —CTOBNUi 3 KOOPAWHAT XT,... XM i YX ... ,yn
BiANOBiAHO. lMoO3Ha4YMMO uYepes npoekuito SN Ha naowmHy yn = 0. MK ToYKamu

y € I Y € S~q ICHye B3aEMHOOAHO3Ha4yHa BiAMOBIAHICTL. [Mpunyckaemo, LIO "B
NOKasbHIl cuctemi KoopamHat {y} 3 No4YaTKOM B TouLi X/ 3a[aeTbCA PIBHAHHAM

yn=Fx*(yl)=F~(yh), Yy ESt], (20)

ge F —dyHKuig 3 knacy H26{S").

BusHaummo Tenep 3a gonomoroto chopmynm (17) doyHkuii LLL'T\y", t), (y', 1) €5~ x [0, T],
i,j =1,.,.,n-1m =1,,. N, y npasiii yacTuni fkoi samictb W§, i,j = 1,...,n,
Tpeba noknactm a™'T\ ge aN'TA—enemeHT Matpuui A7iy' t) = CANAN \y' H){C )T,
AR\Y' 1) = A2(x(y),t). Y cBoto 4yepry, BUKOpUCTOBYHOUM oyHKUIT LLI'T\Yy",i) Ta dpopmyny

(13), BM3HaUMMO B 06N1acTi X (0, T] piBHOMipHO napaboniuHuii onepatop L2LN Mpopgos-

XMMO KoedpiiEHTN LLbOro oreparopa Ha = En_15M)x [0, T] 3i 36epexxeHHsAM BNacTUBOC-
Teil (Al), (A2) i nosHaummo Yepes 1-0™\y',i-n',T) 0O < T<t <T, y,n’ €R"-1'") chp.
ana £Am),
HapeLuTi BU3HaUMMO (pyHKLLii
Woam\ x, tA, T) = HM)V'{X).i-,n,(§),1), 0<T<t<T, x, &€S(M

N

H2(x,£:6,1) =7 oM\x)e{m\ ~ C\x "\ )vA\NnNg)), O0<7 <t<T, x EES,

ae 0w\y) =vm\y), vriy) = v{x(y)) i, npunyckaloum, Wwo ip € #i+N(i+N2(X2),
/= 1,2, noknagemo npn (x,t) €

£f"V = 4 =x
N TN o)\ 8k ¥ Ny, AL, )0 ) £) W (E 1) o8
0 S t=t

oy == Jt—~rird g 2181 0 1bok

0 t=t
N

"TeNix, D - (21)
771=1
Mobygosy onepatopa £0 3aBepLUeHO. Y hopmyni (21) iHTerpo-audiepeHLianbHi onepatopn
T = 1,...,N, Ha3MBaTUMEMO NIOKa/IbHUMWN Perynsapu3aTopamu. ix B1acTMBOCTI MOXHa
onwucatu 3a A0OMOMOrol TBep[XXeHb, LU0 Hanexatb Ao nemu 3.1 Ta 3ayBaxeHHa 3.1. 3 uuX
BNacTUBOCTEN 6e3rmocepeaHbO BUMNAMBAE HACTYMHE TBEPIKEHHS.

Nema 3.2. OnepaTop SO, BU3HAYEHMIH 32 hopmynoto (21), € NiHiiHUM 06MeXXeHUM onepa-
TopoMm, Wo Bigobpaxkae npocTip #iH+N(<N2(Z) Ha npocTip //,-1HWN([I-1HNR2(X) t 1 = 1,2,

Mpu UboMy piBHAHHA Sg)) = 0 mae B npocTopi /Zi+\(i+A\)/2(Z) nuwe TpuBianbHUii po3B 30K
‘b= 0.

Mogiemo onepaTopom £0 Ha NoTeHLian 3 (7). Bpaxosytouu npu LbOMy CMiBBILHOLLIEH-
HA (15), VWO € #AM2(Z) ofepXumo

t
0 (. 014) = (AL A0V =201, 1) +d ar J Kaogw, i & vore st (22
0 S

Ao Toro X, ansa agpa K20(x,i.-,&,1) B KOXHIA obnacTi Burnagy 0 <r <t <T, X, € S,
cnpasefnmea ouiHka (10).

Kpim perynspusatopa So, M1 6ygeMO BUKOPUCTOBYBATU TaKOX MO6yaOBaHi 3a aHasoriy-
HOHO CXEMOIO FpaHMYHI onepaTopu Ss, s = 1,2, AKi NOB’A3aHi 3 NOBepXHeto Si, onepaTopamu
Ls, s = 1,2, Ta noteHuianamn LE\ s = 1,2, 3 (6).



4 [TocTaHoBKa NMapa6oniyHOT MNoyaTKOBO-KpaMoBOT 3aga4i 3 YMOBO O

cnpsa>xeHHs Tuny BenTtuena ta i1 poss’aszaHHA

Po3rnaHemo 3agayvy CnpsKeHHS

Laus(x,t) = - fs(x,t), (x,t)efis, s = 1,2, (23)
us(x,Q) = (faf{x), X"Vs, s = 1,2, (24)
L3u(x,t) = ui(x,t) - u2(x,t) = z(x,t), (%, t) € Z1\5i, (25)

M

Ldu(x,t) = £ PA(xN)ABEM2+ (BNX,0), Vu2) + Bd\x,t)u2- Dtu2-

ij=1

(a(x, t), Viti) +a0(x, t)ui = 8(x, t), (x, 1) € Z1I\5, (26)
1

Lou(x, t) = ™ Pij(x, t)SiSju2 + (B(x, t), Vu2) + po(x, t)u2—Dtu2 = (x, t),

{x,1)eZ\S, 27)

fe u(x, t) = (i, u2), «(x, i) = (Cii(™ t),..., an(x, 1)), BA(X, 1) = (5 \x, t),... ,Bn \x, 1)),
BOX 1) = (Br(x. )., Bn(X. 1))

Mpunyckaemo, WO KoedilieHTH onepaTopis Lxi L2 3ag0BonbHAOTL ymoBu (Al), (A2) 3
i1.2, a KoedpilieHTX onepatopis Tuny BeHTuens L4 i L5 3a0BONbHAKOTL HACTYMHI YMOBW:

(Bl) £ /$W )6& > Milel2, B!-}=pB, pot >0, v(x,i) €1, €Kn, ¢ _LMNDY(x);

ij=1
£ Puy(x,Wi>yo0lE@2, Ppa =pa, po >0, V(X,t)eE, V~eR", «/(*);
Gi=1

(B2) B<< g»\ 4\ «, € Cft, ft, A € L7 = 1,.,.,n,

>0, (a i/W) >0, (B,u) >0.

LLlo cTocyeTbCs MOBePXOHb S i Si Ta NpaBMX 4acTUH piBHOCTe (23)—27), TO 6yaemo

BBaXaTu, LU0
S,SxeH 2+ p(S,Si)>d0>0, (28)

fs € HXX/Z L +1), 08 € H2+x(LLh), s=1,2,
2¢ 8 2+A,(2+A)/2(E i) 0 € a aa/2(Ei), Nogo2n 2(E), (29)

| BUKOHaHI YMOBW Y3rOKeHHA

o1(x) - 02fx) = {(x, 0), x € Si,

A2 B\I\x,0)~Dh D2 + (B(D)P40), \792) - (a(x, 0), VNi) + Bo \x, 0)v22+
ij=1

no(x, 0)o1 - 2 1aij\x:O)Dijfs -2 Ia\s)(x, 0)Oiy, - a®)(x 0)"s- fs =
ihj= i=
6>(r,0) + (s - 1)Ar(i, t)\=, x €SI, §s=12
AN, 0)3Ay2 + (A3(x 0), W?22) + BO{x, 0)92- _"_nl ajf (x 0)4 ~ 2-
1,)=1 - L)=
’i\:2|a[2](x,0)Di’\2- af J(x,0)92- f2=rp(x,0), X E€S. (30
OCHOBHVM pe3ynbTaTOM CTaTTi € HaCTYMHe TBEPAKEHHS.

Teopema. Hexaii koeiyieHTn onepaTopis Ls, s = 1,2, i L4, L5 3a0B0IbHATb YyMOBU
(Al), (A2) i (B1), (B2) BignoBigHo, a ANnA noBepxXoHb S i Si Ta yHkyiii fs, 3,5 = 1,2,
(, Q3 (23) (27) BukoHaHi ymosu (28), (29). Toai npu BUKOHAHHI YMOB y3rofXeHHa (30)
3agava (23) (27) mae efuMHMIA P0o3BA30K

u. e A24AR+r)72(0.), 5 = 1,2,(31)

ANS 9KOT0 cnpaBejamBa OliHKa

2

Y] NsIE2AARQ) —c Y ii/«iinaal(k"+)+
= 6=1

[Ins g 24x(kn) + IIF HA241(2A/2(N) + iiniisav2(N) + i iin241(24a)/2(" (32)

5= 1
[osefeHHs. Byaemo wykaty po3s’a3ok 3agadi (23)-(27) y surnsgi

3
us(x,t) = "*2udn)(x,t), (1L)€Q,, 5=1,2, (33)

771=0

e =0 adyHkuiiuf\ ,ur\ uf\ s =12 Bu3HauyeHi 3a hopmynal

(12).Y 306paxeHHi (33) HesigoMumMuM € pyHKLIT M, m = 0,1, 2, WO BXOAATb 4O NOTeHLianiB
npoctoro wapy 2A°\ v*\ s = 1,2. 3 B1aCTUBOCTE NOTeHLianis, onmcaHux B M. 2, BUMN/NBAE,
Lo AN9 pO3B’A3aHHA 3afadvi HaMm Tpeba nigibpat Mn, m = 0,1, 2, y Takuii cnocioé, Wwoeb Ans
u(x,t) BUKOHyBanucs yMOBM cripskeHHs (25), (26), kpaiioBa ymoBa (27), a Npy BUKOHaHHI
yMOB y3rogxeHHs (30), bynu npasuibHUMK ymMoBa (31) Ta HepiBHICTbL (32).

Mpunyctmo a priori, wo M, m, = 0,1, 2, 33J0BO/IbHAKOTL YMOBU

\b € ANM2Z), M EHKV/\Ei), 5=12 (34)



| 3aiMeMOCs CroYaTKy BMBYEHHAM KpailoBOi yMOBWU (27). 3 LED METOK MepeTBOPMMO piB-
HicTb (27), BUAINMBLUM B Hill y BMpa3ax, WO MICTATb MOXiAHI NepLIOro nopsaky 3a npocTo-
POBMMM 3MIHHVMW, OKPEMO TaHreHLiafbHy | KOHOpPManbHY CKMafoBi. Take NepeTBOPEHHS
NErko 3AINCHNTK, AKLLO CKOPUCTATMUCA CMiBBIAHOLLEHHSAM

) ! nn2(x,t)
(B(x,i), Vu2) = +7(m) dN(x, )
r=1 '
f
ne 0, = D, — > NKDK, i =1,...,n, —AOTUYHWIA anddepeHLiaibHMIA onepaTop Ha S,

(o=

o = B0/ (x)
70D = (N, ), /00)
Topgi ymoBy (27) moxHa 3anucatun y surnagi ((x,t) € x\5):

L5ii(x, t) = ~2 Pij(x’t)*jU2+ "2 Bi{x,iyeiuz + /20", 0 W2 - Dtu2 = Wo(x, t) (35)
*i= i=l
abo

Ls5m(.T, 0 = = PKI(X '~ DkIU2 + = ~ X'1)DkU2 + 0 272 ~ °i%2i2 = fMo(x, i). (36)

fc/4 fc

ne

PKi(X, ) = ; Pij(x, ) Tik(X) Tji(x), fcl=1,..., n,
M=1

/R(x, 1) = A, i) - 7(x, t)Nk(x t) - =
tj=I

2(x, t
o) = O0,) - € o ) @)

AK 6a4Mmo, 10 NpaBoi YacTUHKU PiBHAHL (35), (36), TOBTO A0 QPYHKLII O, BXOAUTbL MOXi-
AHa B3[0BX KOHOpMani Bif LUYKaHOI (PyHKLUIM M2, Ky MOXHa PO3KPUTU, BUKOPUCTOBYHOUM

306paxeHHs (33). Mpn ubomy noxigHa g€~ BM3HA4YaeTLCA 3a fornomororo dpopmynu (9),

anna dRArxty mae micue CniBBigHOLLEHHS

dup\x,t) _ 5G2(x,5,E,T) , ,
dN(x, 1) Xd[(/ dN(x, t) v2(g,1)acd, (x.i)6 2, (38)

npuyomy Ang agpa 4°gaw”y-, spaxosyroun (28), nerko otpumaty odiHky (0 <r <t <T,

(x.) €L (&) €XX)

dG2(x,i]¢,
) <oy

3 fledkoto ctanoto C, ska 3anexuTb Bif do- OuiHka (39) rapaHTye Ham iCHyBaHHSA iHTerpana
B Npasiil yacTuHi (38).

Po3srnsHemo (36) Ak aBTOHOMHe MapaboniyHe PiBHAHHA Ha Z\5. Y UbOMY PIBHAHHI, K
BUMAMBAE 3 YMOB Teopemu, ymosu (34), chopmyn (37) Ta BNacTUBOCTEN MOTeHUianis (auB.
n. 2), noro koediuieHTn Pw, AN k1 = 1,2,..., /& Bo Ta npaBa YacTUHa Yo HanexaTb A0
knacy {iAM2(Z). Bigomo (ams. [1, 2, 9, 14]), Wo Ana pO3B’A3KY N2 LbOr0 PiBHAHHSA, AKWI
33/10BOJIbHAE MOYATKOBY YMOBY

n2(x, 0) = @ 2(x), X €S, (40)

CrnpaBefnBa HepiBHICTb

21 |s2=MALY) < C [ 11PA1IMV2E) + W2 |EHAS) ] - (41)

3Halrigemo Tenep iHTerpanbHe 306paxeHHs pPo3B’A3Ky 3agadi Kowi gns piBHAHHSA (36).
3 uieto MeToro Ans onepatopa L5 mobygyemo ¢o.p., KWW Hagani no3HayaTUMEMO 4epes
F(x,i]¢, ) 0<r <t<T,x¢€S). Hacamnepes BiA3Ha4MMO, O ifes, Ha AKiiA 6a3yeTbCA
nobynosa b.p. I € NogibHOKO A0 ifei, 3a AONOMOror AKOi 6yN0 3AINCHEHO KOHCTPYKLitO pe-
rynapusartopa £0 (avs. n. 2). Big3Ha4MmMo TakoX, WO doyHKUito I Ta 1i noxigHi 3a 3MiHHUMK
X i t MOXHa OLiHIOBaTK 3a AOMOMOrOK HepiBHOCTE (4) Ta (5), 3aMiHIOKOUM B iX MNpaBUX
4acTMHaX PO3MIpHICTb MpocTopy n Ha n —L1.

OTxe, cnoyatky po3rniffacTbca BUNagoK, koM S = Rn_1. Y ubomy Bunagky (r =
5i=Di,i=1,...,n—1 61 =0, a TOMy piBHAHHS (36) NepeTBOPHOETLCA B MiHiHe napabo-
NiYHe PIBHAHHA LPYroro Mopsaaky 3 refibAepoBnMU KoediLlieHTaMK, L0 PO3rnsjaroThCA Ha
> = Rj., surndaay:

& n—=%
L5u = A fik{x',t)Dkilk + y"jPk(x',t)Pku2+ p0O(x",n02- Dtu2=yO0(x',n, (42)
kl=1 k=1

Do , L ARt /7™ Bn(X'AN)  an2{x\i)
&0 =& BI0CY gt MxJ) =dfxd) - ETIT) TPTy

IcHyBaHHA b.p. [ Ana onepatopa L5 3abe3neyytots ymosu (Bl), (B2).

HacTynHuil KpoK — Le NPUNYyLLEHHS Mpo Te, WO S — efleMeHTapHa MoBepXHsA 3 Knacy
H2+x, 70610 S = {X ERnp = F(x")}, ge dyHkuia F(x') 3agoBonbHAe ymosy (16). AaHwi
BMMAZOK, AKWUIA feTanbHO BMBYEHWI B po60Ti [10], MOXHa 3BeCTM [0 MOMEPeaHbOro, AKLLO0
BUKOPWUCTATM TaK 3BaHe PO3MpPAMIIOKOYE MEPeTBOPEHHs KoopauHart [9]:

(x’l) (Z,t), 4 = xu r= 1’ T 1 ) Zrl —X» F(Xl)a

aKe MeXy S nepesofguTb y rinepnnowuHy S = {z €ERn|m = 0} TyT Mn 3ayBaXX MO NNLLIE,
L0 B pO3rns4yBaHOMY BMMafKy napaboniyHe piBHAHHA BIGHOCHO (DYHKUi

u2(x',t) = u2(x', F(x'), t),



akomy Bignosigae wykaHuini dp.p. MY, £, 1) 0 <T<t <T, X\ € En_1), 6eanocepeHL0
MOXHa oTpuMaTtun 3 piBHAHHA (36), nigctasnaoum 1am Dnu2 = 0, Dknu2 —0, k = 1,..., n,

= pr{X,F(x),))_, k = 1,...,n —1, Pk{X,t) = Pk(X\F(x'),t), k = I,.,.,n,
Po(x', t) = Po(x\ F(x'), t), wo(x',t) = -@(x\ F{x'), t):
n— n—
LbU= ~2 PKI(x',t)DMk + = t)°ku2 +Po(x’, t)u2 “ [l «2 = doi?* (43)
fc,i4 fcd

Ae koeqoinieHTn PKi(x',t), Pk(x',t) Ta PO{x\t) Bu3HauyeHi cpopmynammn (37), i maTpuus

£,_1(x"0) = (ARCK>*)m ]

— HEeBIiJ’EMHO BM3HAa4eHa, CMMeTPUYHa Ta PIBHOMIPHO HEBUPOMKeHa, TOOTO And i Koedi-
LieHTIB BMKOHaHa ymoBa (B1).
Brkopuctaemo piBHAHHA (43) Ans nobynosn .p. PiBHAHHA

| b =0, (x,t) €S x (0,T), (44)

ne LA/ BU3HauaeTbCs NiBOKO YaCTUHOK PiBHAHHA (35) abo (36).
3 Uier0 METOK BBEAEMO L0 PO3rnagy oyHKLUii

Po(/1AE, T =pf'V - {'i-r1)=(@2vr)-C-1[dets -, T))-UAi - n-<"- 1/

LBy )~ V -)>Ee
((b,-i(5 ») )> i) 0<t1<t<T, x’,gG'&ﬂ'-ll

xp = Ai - )
Fo(x',ii€",1) =fg (X'—£',t—1) = Po(x", 1] &, 1)vn(Q), o<r<i<T, @b+
Togi

Po(x,1-:3,1) =f fV  -i',< ~1) = (2M) - (n-D(detB,,_1(e,T))-1/2(i - T)-(«<-»AX

AB i€ T)  (X'-€0 x'-&N
exp A - 1) 0<1<t<T, ¥x¢E€SH,

ro(x,i;&,1) =rfr(x'- &,i- 1) =P0(x,i]1¢,T)vn(E), O<t<t<T, X, €S

BigsHaummo, wo yHkuig Po(™, t; &', T) —d.p. piBHAHHSA

n—+
> r)D klu2(x',t) - Dtu2(x",i) = 0,(T,I)ERJ,,
k=l

i3 3aMOPOXEHUMM y TouUi (£',T) € koedpijieHTamu. ®yHKLUitO [0 NPUIAMAEMO 3a TONI0BHY
4acTUHY ¢o.p. piBHAHHA (44), a do.p. [ LbOro piBHAHHA OYAyEMO 3 BUKOPUCTaHHAM MeToAy
Nesi [6, rn. 1V, § 11].

HapeLuTi, po3rnagatoun 3arasibHWUIA BUMALOK rineprnoBepxHi S € H2+x, 3ayBaXXMMo, LIO
npy nobyaosi t.p. I Tpeba BUKOPUCTATK aTnac MHOrosmuay S, WO NobyaoBaHWI 3a LOMOMO-
rot0 po3ouTTa oanHuLi (18). Y upboMy BUNAAKY PiBHAHHSA (36) y MiCLEBIA CMCTEMI KOOpPUHAT
{y, t} B TOULi X N 3anuLlemMo y BUTNAL:

LU =2 P\y, )Dku{Y+]1I PL\y, t)Dkugn +Pom\y, t)f™
fof=1 f

Dtufm) = ix{"\y,1),(y,t) €S x (0, T], (45)
ae uan\y, t) = u2(x(y), t), Pm~7iy, t), kI =1,... ,n, —enemMeHTN maTpuLi
&m\y,t) =C™MB™ (y t)(C{m)T, B~\y,t) =B(x(y),t) = (Piilll , L =1,
PIT\y, t), k=1,.,.,n, —KOOpAMHATM BEKTOpa

p(m\y, t) =cWpM (y, t), p(m\y, t) =P(x(y), i),

PiT\y,t) = Poll /I Go(*LU) = M - i(Pm L, Ay
Mmipt) = =y(xLW) = A{IM - =c N iy.t),
NYm\y,t) = N(x(y),t) —BekTOp KOHOpMai, BigHeceHUA fo MaTpuui A(™\yt.).

[ani nepekoHyemocs y TOMy, IO 3a YyMOBW, konun (y,t) € X [0, T], piBHAHHA (45)
BIJHOCHO (PyHKLULii

«* (SM) =ut\y",FA\T/),t) = ut\v',t),

yeSK

ae F\y') BmsHaueHa dpopmynoto (20), npuinmae BUrnag,

i 5, <> £ ANy t)DUd ">+ Y IT (i',<)0»4T) +A1Ui/M ")

K1=1 K=1
A4Tm=N1)/0,  Fi)ed? X(OTy (46)
_ Y piBHAHHI (46) PITHy'J1 = Pirdv',FA\y"),t), a Jfrv.0O = <r)(¥%O0.
P{V\y't) = PMIY1LFW\y'),t), k1 = 1,.,.,n —1, B13HavarOTbCca 3 piBHOCTEN (37), AKi

BifJHECEHI [0 MICLLeBOI CUCTEMU KOOpPAUHAT {y,i}.
AK i By BUNAKy eneMeHTapHOI NOBEPXHi BU3HAUUMO (DYHKLLiO

fm(y,i;r/,r) = Pm(?/,i;77,r)™ m)(77), 0<1<t<T, y,I/E

ne doyHkuia Pm(y',t;n', r) —d.p. piBHOMIpHO NapaboNivYHOro PIBHAHHA 3i CTaIMU Koedi-
LieHTammn

> r)DKIM)(y',t) - 4 4 T1)(y40 =0-
kl=1



[ani noseptaemoca Ao koopauHar {x, t} i 3anucyemo qoyHkuito I't(y,t] V1) Y NX 3miH-

rm(x, ]& T) = PT(x, §; & 1)0"\n(¢)). (47)
HapeLuTi BU3HaUMMO (OYHKL,itO

N
ro(x,i;¢&,1) =ZoM(X)I mx i;§ 1)a”(§),
=l

fe TV—uucno pikcoBaHMX TOUOK,X  Ha NOBePXHi 5, B AKMX 3a[4at0TbCA JIOKASbHI
KoopavHath, a qoyHKuii 1T\ a(T), '™ BM3HayeHi 3a foromoroto cnissigHoweHb (18), (19)
a (47) signosigHo.

MobygoBaHy TakMM YMHOM (OYHKLiO 0 BBaXXAEMO TO/IOBHOK YacTUHOK ¢o.p. I PiBHAH-
HA (36), AKWIA, K | B nonepegHbOMy BMMafKy, LUyKaeMo Metogom Jlesi. Mo6ygosy do.p. I
PiBHAHHA (36) 3aBepLUeHo.

Bukopuctosytoun do.p. I, €4UHMIA po3B’A30K 3agadvi (36), (40) MOXHa MpeAcTaBUTU Y
BUINALI

i -
u2(x,t) = j I (x.i;§,0)92(§)aol - Jdrj F(x.i-,&,1)'00(&,1)a0¢,(x,£)eE. (48)

5 0 S

OTxe, MaEMO [Ba BMpa3u A/18 3Ha4YeHb (PYHKLIi H2 Ha 2. cniBBigHOWeHHA (33), ae Tpeba
noknactm s = 2, (x,t) € Z, Ta cniBBigHOLLEHHS (48). FAKLL0 NPUPIBHATU MiX COOOHO iX npasi
4acTVHM, BpaxoByroun npu usomy (7), (9), (37) Ta (38), TO 3HalAEMO MepLuUe PiBHAHHSA, WO
MoB’a3ye HeBigoMi oyHKUii Mn, T =0,1, 2:

Jdr J ao(xM,1)vO[ET)dcN+"£ I er KO(x, 1\, T)vI(E,1)a0¢= PO(X, t),
0 50 00 Se

(x.1)6 2(°), (49)
e 3>=5) x [OI], 50 =S, S™ =S@ =Su

GO(x,i;8,1) =0 2(x.;€,1), KOL(x,i;¢,1) =0,

Koo(x,i,&,1) = (&, 1) {x,i]& 1) - J dsJ I (x, t\n, 57(77, 5) M>Ggv
t T
KOAx,i-&,1) = G2(X,t\£Er) - J dsJ I(x, t;,5)7(75s) A oda'v

r S

f
@(x,i)= 7/ T(X.i:¢,0

{ 3=2

£

/ %/ Fisin) () -~ aya OTHED

dat:. (50)
uy 7)

Opyre i TpeTe piBHAHHA Ana 14r, m = 0,1, 2, OTPUMAEMO 3 YMOBM CMPSXKEHHSA (26). AK
| y BUNagKy KpaoBOi yMOBW, MEPETBOPUMO PIBHICTb (26), BUAINMBLLM B Hild y BMpasax, LLUO
MICTATb MOXIAHI NepLUoro MOpsAKY 3a NPOCTOPOBUMW 3MIHHUMMW, OKPEMO TaHreHLianbHy i
KOHOpPMa/bHYy CKafoBi 3a AONOMOIOK CriBBigHOLLEHb:

{B(A\ Vu2) = i + | Z(X’t)'ﬁ%é%/)\(xl,\i)'
_ A At N A (x 1)

(a, Vui) = I:1a A%, ¥)<iL)?A + 7x(X.0) agaom) (51)
ne &) - Al —(umid z = 1,..1, 5= 12 —[0TU4HI AndepeHLiianbHi
onepartopu Ha Si, “

(a(x,0),17 (1)) , (™M) (X, 10),7)(x))

D= (N, A0y TG (N, ), AO)

Bpaxosytoun (51) Ta (25), yMOBY cnpskeHHs (26) MOXHa nepenwucatn y BUTNA4I:

n n n
L4u(x,t) =Y 2 filj\xi t)SIS\)u2 + = 2- ~ ai(x, )S[u2+
i,j:]_ i=I r=1
N I)x, t)u2- Dtu2=0(z, i), (x, 1) € Z]\S, (52)

abo

Ldu(x,t) = Z fikiix, t)Dku2+ N1}x, t)Dku2+# Xx, t)u2- Du2=0(x,t), (53
fc=l

ne
$uPPM) =3 A Dk>0mri)@)ND2)1 A/=1,....n
Bo\yx,q =Bo\y,i) +a0(x,i).
2 n
NIKXLED) = BYX, () — ) +~AAN()s_17s(™, )TVS)(x, 1) — N (X, 0 NMinix)1nn)).
s=I rl=1

, , .dl.JSSX,i)
0(X.1) = Bo{)i) +57 (-1)B Xe(a, ~djnj(s)(x 1)-

-
B80(x,) = 0(x,0 - a0(x, D (x, i) + Y] <(x, YD (x, t)z(x, t). (54)

r=1



MipKytoum siK i y BUNafAKy KparioBoi ymoBK, po3rnsgatmmemo (52) abo (53) sk aBTOHOMHe
napabosnivyHe piBHAHHA Ha ZI\5L. Y LbOMY PIBHAHHI, AK BUM/IMBAE 3 YMOB TEOPEMU, YMOBU
(34), chopmyn (54) Ta BNaCTMBOCTE MOTeHLianis (4AuB. N. 2), Vioro KoeduilieHTW Ta npasa
yacTUHa HanexaTb A0 knacy HXx/2 Togi 4ns po3B’a3Ky M2 LpOro piBHAHHS, SKWIA 3a40BO0/b-
HsE NOYaTKOBY YMOBY

n2(x,0) = 02(x), X €SI, (55)

CnpaBeA/MBa HepIiBHICTb

[li2 [F2HVeR)/2(21) < C IR aa/2(Ei) + )V2 [IFA(G) = (56)

Po3p’a30k 3agavi (53), (55) MOXHa NpeACTaBUTU Yy BUTNALI

t
w2, =J TH{EE0)02(8)d0E - J dr d Ti(x,i:8,1)8(5,1)408, (x,i)eEb  (57)
51 0 5

pe M(.1,7;¢,1) —d.p. onepatopa Z4, icHyBaHHA AKOro 3abe3neyyroTb YMOBU TEOPEMM.

AK i B nonepeaHbLOMy BMMaAKy, MaemMo fABa BMpasn ANA 3HayeHb (PYHKUiT 12 Ha Z]:
cnisBigHoLWeHHs (33), ge Tpeba noknactn s = 2, (k,+) € XX, Ta cnisBigHoweHHa (57). Mpu-
PIBHIOKOUN MiX COOOHO iX MpaBi YaCTMHKM, BPaxoByrOUM Npu Lbomy (6)—8), 3HaxXoanMo apyre
PIBHAHHS, LU0 NOB’A3y€e HeBifoMi (PyHKUii Mn, T = 0,1, 2. TpeTe piBHAHHA 4N \Mn OTpU-
Maemo, Bukopuctosytoumn (57) Ta ymoBy cnpseHHs (25). Togi cuctema piBHAHb BiHOCHO
HeBifOMMX LinibHOCTeM Mh, T = 0,1, 2, MaTume BUINAL,

(cFj O EOVIED+S | oFJ Kol & OMED=dr (k)

{x,t)eE{"\ m =0,1,2, (58)
ge (">=5(m x [0,T], vi =0,1,2.
i
K10(x,i;&,1) =J dsJ iy, t;n, s)*2(1], ag\>
r Si

Ka(x, t,& 1) = Kw(x, i;¢ 1) + G2(x, t;¢, 1),

Kmi{x, i;¢,1) = (—)r " 7/Mu)ru(e, i;¢,1) +

Ji ds J Fl()(,i’;r],8)§16],8)/\07}/!\{5/(7)7S ) aon, ml= {\9
r Si

Or (M) = 7 TX(X(E.0)M2(E) {08 - - zm(x,1)~

t

Jdrd miy -8, do”, =12,
r 89 i=1 j=2 SAT(0(&,7) ’ "

(X)) =X 0, 22(Tt) =0, (59)

a KOm, S(m), m =0, 1,2, ®o Bn3Ha4ar0oTb 3a dpopmynamu (50).

Mpun ubomy ana agep m, 1=0,1, 2 3 (50) Ta (59) € NpaBNNbLHOIO HEPIBHICTb (4), B
AKil 3amicTb N, r i p Tpeba noknacTu BignosigHo n —1, 01 0, a gnsa pyHkUin &1, T, = 0.1, 2,
K BUM/MBAE 3 NPUNYLLEHb TEOPEMU, YMOB Yy3rofxeHHs (30) Ta BNacTMBOCTEN NOTeHLianis,
BMKOHYETbCA YMOBa

PT € H 28X(2+/{E{m)), T =012

Cuctema piBHsAHb (58) € cucTemoto iHTerpanbHUX piBHAHL BonbTeppwu | pogy. Ha nigcrasi
(22), nemy 3.2 Ta yMOB TEOPeMW MEPEKOHYEMOCH B TOMY, LLO MicNs 3aCTOCYBaHHA orepaTtopa
8T, T =0,1, 2, 4O BIANOBIAHOIO PiBHAHHA cucTeMn (58) OCTaHHA 3aMiHKOETLCA EKBIBAIEHT-
HOKO CUCTEMOIO iHTerpasibHUX piBHAHbL BonbTeppu Il pogy Burnagy ((x,t) € 2m), T =
0,1, 2)

2
W (x,t) + [ 6t / Rmi(x,t-», T)VA T)dar = o1 (x, 1), ™M=0,1,2, (60)
=00 50

o1 (m) = (07 (1.0 MT)(X)N(T)(xX))- 127 (.7,0 &1,

No(x, 0 = J12(T, i), i'""(.1) = v{Xx), i1 (-1) = N 2Ax),
f0 TOro X E£WdT € //IHN(1HN/2(Z (M), PT € ANM2(Z(M)), a gna agep Rml, 7,1 = 0,1,2,
0 0
crnpasefnmea HepisHicTb (10).

Po3B’A3ytoumn cuctemy piBHaHb (60) MeTOAOM MOCNILOBHUX Hab/MXEHb 3HAXOAMMO MM,
T, = 0,1, 2. Kpim uporo, gosogumo, wo ansa Mn, T. = 0,1, 2, BUKOHYETbCA ymMoBa (34).

[nq 3aBepLUeHHSA [LOBeJeHHSA TEOPEMU, 3a/IULLNIOCA NEPEBIPUTU BUKOHAHHA yMOBUM (31),
OLHKM (32) Ta 06rpyHTYBaTU EANHICTb NOBYAOBAHOrO PO3B’A3KY 3adadi (23)-(27). Ans uboro
[OCTaTHbO 3ayBaXWUTW, LU0 KOXHY 3 nobygosaHux 3a chopmynamm (33), (60) cpyHKUiM V.S,
s = |, 2, MOXHa po3rnagatu AK po3s’a30K HACTYNHOI NapaboivyHOI NepLUOi KpaihoBoi 3ajaui:

Lsus(x,t) = —s(x,t), (x,t)efis, 5=12,
us(x, 0) = 03{¥), x € V5, 5=12
us(x,t) =Vi(x,t) +(2- s)z(x,t), (1,i)eX . s=12
u2(x, t) =v(x,t), (x,t)eE, (61)

NPV BUKOHaHHI YMOB Y3ropKeHHS

03(x) = Vi(x, 0) + (2 —s)z(x, 0), X € Si, s=172,
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dus(x,t) dvi(x, t) £ (2—s) 92(1'() . xESi, s—12
4 dt £ 9t = t=o
dU2(X,'[) dV(X, t) JIbBiBCbKUIA HauioHanbHWUI yHiBepcuTeT iM. |. ®PpaHKa,

X €S, (62)

NbBiB, YKpaiHa

dt = £9
Haginwno 18.11.2010

fe PYHKUiT X € 9 24AQR+HXM2(Z1) Ta 1; € #2+N(2+N)/2(X) BU3HayeHi 3a LOMNOMOroK CMiBBigHO-
weHb (57) i (48) BignosigHo. Togi (av.. [6]) ymosm Teopemun pa3om 3 ymosamm (30), OLiHKaMK
(56) Ta (41) rapaHTYOTb HaM iCHyBaHHS €AUHOIO PO3B’A3KY 3agadi (61), (62), WO HaNeXunTb
fo knacy (31), i anga sKoro cnpasefnmea ouiHka (32). Teopema goBefieHa. O
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B cTaTbe paccmaTpbiBaeTCcsi BOMPOC O CYLLECTBOBAHUM B Knacce lenbjepa pelleHns Havanb-
HO-KpaeBoii 3afayn ANs NUHEeNHOro nNapabomMyeckoro ypaBHeHUs BTOPOro MopsifiKa ¢ paspbis-
HbiMU KO3(h(hULIMEHTAMM C KPaeBbiM YCNOBMEM U YCNOBUEM COMPSXKEHWS, KOTOpPbie, Kak 1 ypaB-
HeHWe B 06/1acTU, onpeaenstoTes MMHENHbIMM NapabonmyeckMMmn onepaTopamu BTOPOro nopsia-
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METOA MAPAMETPUKCA O1A YNbTPATTAPABONTNYHECKIMX
CUNCTEM

Manunykas A.lN., BypTHAK N.B. MeTog napameTpukca gns ynbTpanapabonnmyeckmx CUCTeM
// KapnaTckuc matcmatmycckue nyonmkaunm. — 2010, — T.2, N, — C. 74-82.

PaccMoTpeHO cucTembi ynbTpanapabonmuecknx ypaBHeHU, KOTopbie 0606LLat0T ypaBHEHNE
andysmm ¢ nHepumeid. Micnonb3dys mMoaMULNPOBaHHbIA MeTog J1IeBU, NOCTPOEHO hyHAaMeH-
TanbHYH MaTpULy PeLIeHUin cucTeMmn ypaBHeHWUn KonmoropoBa BTOPOro Mopsigka, MoayvyeHo
OLIEHKM ee MPOU3BOAHbIX, BXOAALLUX B CUCTEMY.

Mbi paccmaTpmBaeM OAMH Krace ynbTpanapabosiMyecknx cUcTeM, 0600LLAIOLLIMX YpaBHE-
nve anpdpysnn ¢ nHepuved. PyHpameHTanbHas MaTpuua peleHunii 3agadm Kowm (PMP3K)
ANS TaknX cUCTeM, KO3ppULMEHTbI KOTOPOI 3aBUCAT OT t, MOCTpPoeHas B paboTax [1, 2]. B
3TOM CTaTbe MOCTPOEHO (DYHAAMEHTa/IbHY0 MaTPULy PeLLeHnin cucTemm (do.M.p.), Kosddom-
LIMEHTbi KOTOPOW 3aBUCAT OT BCEX MepemMeHHbiX. NS NOCTPOeHUs Mbi UCMONb3YeM [BaX[bi
meToq Jlesw.

1l O6osHauenHue. MNocTaHoBKa 3agauun. OCHOBHOW pesynbTaT

Iyctb x =(xi,x2) € B2TM(017 = {(t,x),x € R20 <t< T}, O0<v<t, p{i,x-,1,§) —
(&i- 6)204( - r)"+3(x2 - 2+ PA+6)(2(t- r)~)2(t- n~3.nE€N.
PaccmoTpum 3agady Kowwm gna cucremsi [1], [2:

n
dtuv(t, x) - xidXuuft,x) =" [a 2'(i, x)dX + a\v(t, x)dX + abu(t, x)]Jur(t, x),
v ={l,..,n} (i,x) € N, (1)
X\t—F = WO(x), o <r <t<T, (2)

2000 Mathematics Subject Classification: 42A38, 46H30.
KntoueBue cnoea v opasu: MeTof napameTpukca, yHAaMeHTanbHaa MaTpuua pelleHnid, ynbTpanapabonm-
YecKme CUCTEMU.

©Manunukasa A.l'., byptHak N.B., 2010

rge dtwu(t, x) = Z [au(t, x)dXI+a™(t, x)gXd +a™(i, x)\wr (t, X) —paBHOMCPHO napabosimyec-

r=1

Kas 3a lMeTPOBCKUM B m[oy]> (x2 — napameTp); T.e., Ans Vax € R1, det{ézak{t,x){im)z —

X1} —0 nmeet kopHu Xj(t,x), ] = {1,..., N}, YAOBNETBOPSAOLLME YC/IOBUIO
ReXj(t, x) < —8\ox¥ 3)

ana (t,x) € npry,e >0, & He 3aBucuT oT (t,x), | = {l,.,.n}, | —eannn4yHaa maTpumua,
\fA—i,ak = (0£")” i- Ko3dppumeHTsi cuctembi (1) yAOBMETBOPAIOT YCIOBUAM:

A) a™(i, x), ] = {0,1,2} — KOMMNNEeKCHO3HaUYHbie, HENPbipbiBHbie N OTrpaHMYEHbie O YHK-
uwn, (t,x) € MQ/r;

B) a-v=a,y, ] ={0,1,2} {ru} C {1,..n}

B) B (t,x)-ar(t,xf)\ < K(\x\-x?x%i +Ve-x!12%r), V{(i, x), (t, x)} C npr], ax€ (0,1],
oy2€ (], 1], K > 0 —nocTosHHas, HesaBucAwas ot i,x,x!\

M) CyLlecTBYHOT HenpepbiBHbie, OrpaHNYeHbie x),] = {0,1,2}, ynosneTBopsato-
LLye ycnosuto B).

OnpegeneHna g.m.p. cuctembi (1). ®.m.p. cuctemmn (1) HasbiBaeTca matpuua

£(ix-18), {0~} CNps, t>7

Takas 4YTo BEKTOP-CPYHKLMS

i1.2)=3dp | elix\3nignen

T R
AN8 M0G0 UHUTHOR rnagkoi doyHkumm f(t, x) ABNfeTCA peLleHUsM HeOAHOPOAHOW cuCTe-

dtu(t,x) - xydXu{,x) = "iZak(t,x)d)Qu(t,x) + f(t,x), (t,x) e M(Tir]. (4)

fe=0

Teopema 1. Ecnu cuctema (1) ygosneTsopaeT ycnosuam A), B), B), To cywecTsyeT th.m.p.
£(t. XT&), t > T Ecnuewe BbinonHAe TheA ycnosue '), TO CyWeCTBYET ), M.p. COMPSXKEHOH
cucTeMbi K (1) 8*((,)(','[, , t =T, npu 3rom £(l, X;T,ﬂ :E(EX;T, L 1 UMET MECTO

o (X TON - ke - 1)~ eplopixrE}) - - .- e
NBEE x, B <ox - 1) 3eqt0p(ixT ®

w HcE Q4 , _
NANTAXE (t,x-r E)l < Ck{t —)- 2 \wei max[exp{-cp(i,x*;r,0},

exp{—e€p(E, x; r, £)}], x* = (XX+ hu x2), (7)
NARAXRE (1, X] TMN < C\{t —1) - B AR max[exp{—/2¢i.X**;1,8)},
exp{—ep(i, x; T, §)}], xX** = (Xi,x2+ h2), (8)

r4e nonoXuTenbHbie nocToAHHbIe ¢,CK,Cx3aBucaT oT 9§, «i, a2, sup\ak(t,x)\, T, 0T xapak-

Tepa HenpepbiBHOCTHM a2(t,x).



®.m.p. cucTtembi (1) (cnyyvai cnos). MocTpoeHme do.M.p. c1CTeMbi ByaeM NPOBOAWTL B
ABa 3tana. CHayana pacCMOTPUM BCMOMaraTe/ibHyH0 CUCTEMY, NMOCTPOEHHYHO B COOTBETCTBUM
c cuctemoin (1), Te.

2
dtu(t,x) - TidXu(t,x) = ~fl.f(i,yo,y2 —yi(t ~ T))*xiu(t,x), 9)
K=1

roe (yo,yi,y2,m) —napaMmeTpu, t > T, (yo.YbYr) €R3.
Wcnonb3ysa metoanky [1, 2], noctpoum matpuyy MpuHa (PMP3K) ansa cuctemsi (9)

£O(t,x]T,£,y0,y(t,T)),y(t,T) = Y2 - yi{t - r).

WNcexopa w3 3agaun Koniin gng (9) ¢ Havanb-HbiMK ycnoBmammn npu t = 1, T > 0, NOCTPOUM
Q.M.p. ans cuUCTEMMU, Tae Yo = Ti-

dtu(t,x) —X\dXau(t, x) = Xi,Y2 —Yi(® ~ 1)) AXIM(A X)- (™)

k=1
Mcnonb3ya metog 3.3. Jlesn, 6yfem O0TUCKMBATb o.M.p. cuctembi (10) Zo(t, X, T, {,y(t, T))
B BUJE:
ZOE X;r, & y(t,r)) = £o(i,x;T1,8,81,1/(i,1))+

J ) alixBYAMDBTTEMEDIN =W

roe matpuua o(i, 7;T, £ y(t, T)) nogobpaHa Tak, 4Tobbi Zo(t,x]T,£,y(t,T)) NpU t > T, Kak
hyHKLMSA t, x, Bbina pelueHnem cuctembi (10). Mpwu 3TOM Byaem npegnonaratb, 4to <P, 7; 1, &,
y(t,r)) v @xX,1]t,&,0(1,1)) — HenpepbiBHbI KakK (PYHKLUMM CBOWUX aprymMeHTOB W CrpaBe-
[JIMBbI OfleHKW:

Iw(i’ 'V, -, E’ y(l’ 7'))' < C7(I _T) eXp{_ep(iv X T, E)}v (12)
\eX2(*n\t,&,u(i,t))\ < Ci(i-r)-*exp{-c/)(i,a:;r,0}, (13)
W/
AN/ 758, & y (i D) < Cldt- 1) 6F1 14ilQ max[exp{—ep(f, x*;r, 0},
exp{-cp(i,x;r, &}, ax<«i, a" =ci—i- (14)

3TK anpuopHbie orpaHnYeHns byayT foKasaHbi NoToM. MpumeHsas onepatop dt—x\gX—
T ak(t,x,y(t,r))dxi k Z0(i,x;r,e,y(t,r)), onpeseneHHoli hopmynoii (11), U ucnonb3ys an-

PUOPHbie OLEHKN ¥ NPeANONOXeHNs, Noaydunm oTHoeuTenbHO Y(i, X;T,&, Y(t, T)) UHTerpanb-
HOe ypaBHeHwue

<p(i,x;r,£,y(3i,r)) = K(t, x;r, & y(t, )+

| g | gions ToGp)ete.mr & ugB.0) 1%

Jt U2

2

#0,x1,&6yRBT) ={[afdi, x;y(t, 7)) - ak(t, & y(t, 7))} ax x £0(t, x; r, & 6 ,y(t, r)).
fc=l

B cuny oueHOK ang Npomn3BOAHbIX €o(i,x;T,&,&17(i,1)) (ams. [1, 2])

I"xIAxro(t, 75T & y(t, )\ < Cki(t - Ty +2+ exp{-cp(tx;r, £)}. (16)

npu t >r, {x,£} € R2.
OueHum K(t, 7'1,&, y(t, 1)):

2

\K(t,r, T,E,y(t, )\ < 13 FI1* (i,xi;y(i,r))-at(U i;y(i,7-))]x
fc=l
Ao (tx ALY < <- ) 2lexp{-cp)}. (17)
Byaem nckatb <p(i, 7;r, &, y(£, r)) B BUgE:

(e]e]

M7 r &yt T) =N Am(i, 751, & y(t ), (18)

m=lI

K@;r,T,£,y(,1)) =K\, 7;r,£,y(t, r)),

t

Km(t, T, TAy(tr) =j ap 1k AEX\Bn-~{iLB)kmi{B.n-,T.E"(B,1))(1n.
T

OueHnm yneHbi paga (18)

t

\K2(t,x;TA,y(t,r)\ < AZJi -[E?B_)@[)\ Ee‘yﬁ{-cp(E,x;/BJ)}(E - B)~2

exP{ op{B, 7;T, E}/?- r)-207 =N2P (y,y )o (i -r)"™ exp{-cp(txT,0}
(nocnegHve MHTErpanbi NIErko BbiYNCIAKOTCA).

OueHka K3(t, xr, & Y(E, r)), KA4(t, x;r, y(i,r)) nt.4. NpoBOAUTCA COBEPLLEHHO TaK Xe;
Npv 3TOM C MOMOLLIO UHAYKUMW NErko AoKasaTb TO, YTO ANS MHO60ro L

pm/Q\
|A- ™7 /(10)] < (19

A3 oueHok (19) BbiTekaeT paBHOMepPHas M abCconoTHaa cxoamMmocTtb paga (18) npn t —r1 >
¢ > 0 1 cnpaBefnMBOCTb OLEHKN (12).
Tak, Kak

\dXeK (t,x-,T,£,y(t,r))\ <Ci(t- T) exp{—cp(t, X; 1, &)} (20)



-OXK{t, x;1, &, )3, 1)) =% K(t, x;r, & y(i, r)), dXXK2(t,x; r, &, j/(,r) =
H

2

/ AXK(t, X;B,7. YE )= . 7:1, & Y(I, ))ar7+

r Jp
-
I dfl I &),(ﬂ,?y(f, B))OT2K (B, 7: 1, & WE 1))<*7,

I+ fi2
\DA<2(1,x;T,&,v (1L, T))\N =W K2(i,x-, Ty, TN <C2{t- 1)~ 2 X
exp{-c/2(, 7 r, ) }B(l;y ("), (21)

TO MO MHAOYKUUW ONA noboro m, nosiydynm

mo -9 pm( N
Ici*2/~m (i, x;r,i,y(i,r))] < CA(t TN —exp{-cp}-"p~(-)T-1L (22)

B cuny oucHok (20)-(22) pag Z dXXKm(t, x; T, & y(t, T)) cxoguTcs paBHOMEPHO U abco-
T=1
MOTHO Mpn t - T > ¢ > 0, nostomy @XAi,X;T,&,v(i,1)) = £ dXXKm(t,x-T",y{t,r)) He-
=1
npepbiBHa Mo t,x, Npu t —T >¢ > 0 cnpaBeAnnBa OLEHKa (122).
OueHka (14) pokasbiBaeTtcs, Kak B napabonuyeckom cnydae [3, ¢. 30-31]. Mockonbky

A=/ aBJ ddee, x; 7,70, y(i, B))9(B, 7:r, & y(t, )an+
R2
t

/N OEOC, % BT, 0/, B))e 1B, 7,1, & y(i, T))an,
@

10 M < Cx~-1) “TIlexp{—ep(i,x;1,8)}.
3ameTuM, 4TO cyulecteoBaHue <7 s AW, dtW gokasbiBaeTcs aHasIorMyHO, Kak B Ma-
pabonuueckom cnyyae [3, ¢. 30-31], oTctoyga nmeem

RZo(.1,x;T,& (i, N)] <Ck{t- T)~" exp{—ep(i, X; T, £)}. (23)

CneflyeT OTMeTUTb, YTO cTapLubie npoussogHbie ZO(t, X; T, &, y(t, T)) YAOBNETBOPAIOT yC-
nosuto enbgepa no x\.

Tenepb BMGepeM B KayecTBe BCriomMoratesibHoi cuctemy (10). ®.m.p. cuctembi (1) bygem
ncKaTb B BUJe

A2

®/3,7;1,8)aY = Z0(t,x;r, & &(i, 1)) + V. (24)

Mop6epem matpuyy @ (i,x;1,¢) Tak, utobbi £(i,X;1,¢), Kak yHKumMa t n X, 6bina Npu
t > T peweHvem cuctembi (1). Mpn 3ToM 6yaem npeanonarats, 4to @ (i,X;1,8) np t > T
ABNA3TLCA HENPEePbIBHOM (PYHKLIMEA CBOMX apryMeHTOB, W AN Hee CrpaBefvBbi OLEHKM

[e@xtel <C(t- 1)-~ 2exp{—ep(ix; 1.¢)}, (25)

\AHRD(i, X T, &)\ < C\h2¥%2(t - T)~6_32D max[exp{—ep(i, X; T, §)},
exp{-cp(Ex**;T,§}], e2<a2, «2 =«2- a2 (26)
3TK anpuopHbie OUEHKM OyayT foKa3aHbi NOTOM. [MpumeHum onepatop dt —Xx\gX —
2 ak(t,x)d*l k ¢(i,x-,1,&), onpefeneHHON dhopmynoin (24), Ncrnonb3ys anpuopHbie Npeano-
1%0>Keva 1 OUEHKM (23), nonyumm otnocuTensHo @ (i,x;T, &) umnterpanbHOe ypaBHEHHE

t

®(i, x;1,8) =Kt x;r, & +j ap J K(t, x; B, 7,)D(/3 7;1,8)dn.

T 2
2
K(i,x-1,8) = Y Nak{t,x) - a~i,x1-,&{i,1)]0"Z0(i,x-,1,&,&(i,1))+
k=1

ant x)Zo(t, YT, £Nt)).

B cuny oueHok (23) v caenaHbix NpeanoxeHuii

| ~(i,x;r,O1 <Ci(i- r) -~ 2exp{-cp(i,x;r,0 }, (27)

@ (i,7;1,0 =2 Kun{i,T,1,9), (28)

771=1

Kl{i,X;T,E) = K{LX"TaE)a
km(t, 7;r,8) = J 68 ] A<ifix- BT 18,01 8)dn

T

OueHnMm uneHbi paga (28). Mockonbky

[ i3 - BB- 1)-~n -c/3(\x:/3,7
KALXTO)| <NJ LI A= T~ 2exp-e/3(" /3. DX

(i - -2 exp{—ep(/3,7;r, OH/3-1)~ 207 < AB (-", -39‘ ) X

(")(i - exp{—ep(i, x; r, &)}, i >1,(29)



TO, KaK W B MpeAbigyLeM cayyae, no MHAYKUUM Haingem

_ Nmpm /302\
\KT(ix]TO\ <17 —"(t- 1772 exp{-cp(ixr.£)}. S8

W3 oueHok (30) HbiTekaeT paBHOMepHas M abCcoMoTHas CXOAMMOCTb psaga (28) npu t —T >
¢ >0 1 cnpasegnnBocTb A4nd P (i,x;T,£) anpropHoI oueHKM (25).

YcTaHOBUM crnpaBefIMBOCTb HepaBeHcTBa (26). Mpu (t - T)32 < W - x2A\ = \n2\oHo
cnegyet u3 (25). Mo3Tomy paccmoTpuM cnydan W —x2A\ < (t —r) 32

2 2

IAN2A (D, X, r, &1 < 'Y ~M1Ah2dk(t, X)\AXIZo(t, X] r, £ y(E, 1) + Y  |Qfc(i, x) —
k=i =

a*(i, X, E(i, N)\NAhd~Z0(t, x;T, & &(i, )] + Joo(i, X) | 1A7Z0(i, T; r, & y(i, ] +
NAHRIO(T, X)\\ZO(i, X -, T, &, E{i, 1)\ < M[\h2®2(t —)-3 + |2 —£2+
6 (*- )l N (i-r)"92+ h2\t- t)-72+ \2r (t - r)-3x
e X p x;r,0}< PRIrag- r)-(6-3x<)/2exp{-cp(i,x;r,0 } (31)

Mpn npoBeaeHWA nocnegHMX OLEHOK uyneHbi Buaa A/520Z0(i,x;T, &,&(i,T)) npeacTas-
NANUCL MO TEOpPeMe O CPefHeM, a 3aTeM OLeHMBannCb. Bce BpemMs MCNONb30Ba1OCH 3/1EMEH-
TapHOe HePaBEHCTBO; MU W2 —X2\< (t—7)32 n 41 <0< 1, —1 | P Hgi+€i)(2A<-)-1] <
|m<-2-0+ (-1 +&1)(2(~-1))-1 *a X2-X2 i

1 (t-1)3/2 AU - (t-1)3/2 roi.

C nomoLLpto oueHOK (25), (31) oueHum A/RD (i,x;T,8):

N X2-82+ (x1+vE)(2(<-T))-1]

AHD(i,x-,1,8) = AHK(i,x-1,&)+ J af j AHK(i,x B, DPNx-1,8)d’l.

a2

OueHnM BTOpOe criaraemoe:

t r-|/A2p3 t
y 4BJ |AMAC(QLx;/3. D) ((,2;T,0M7 = / + [/ -n +,
T 4 T t-|M23

B mHTerpane N 1 < f <t —\2¥A3, 1e. t —f§ > \2¥'3, no3tomy, nNpumMeHMB oueHKy (31),
nonyymm

h <C(t- 1) ('2 2\2%2exp{—ep(£ X; T, §)}. (32)
OueHum /2:

y [A'G,a:/3,7)IW,7:r,0M7+ /7 apJd \K{EX*™: B\ x [D/37:13]rf7,

r-17i2]2/3 52 t_|/,212/3 R2

MCMosb3ysa oueHKN (25), (27), nonyunm

h<C{t-r) " exp{—ep(, x; 7, £)} J I(t - @ 2 @kl
T-|/2p83

C(t- r)~~\h2wexp{-cp(i,x;r,E£)}. (33)

N3 HepaseHcTB (32), (33) nonyyaem (26). AHaNOrMYHO YCTaHOBUM:

I[P (i,®;1,8)] < C(t - T)~"~\hi\ai exp{-cp(t.,x;r,£)}. (34)

Matpuua @ (i,x;t,f) npy t > T HenpepbiBHa MO0 CBOMM aprymeHTam, YAOB/IETBOPSET
oueHkam (25), (26), No3TOMy NpWBefeHHbIe Bbillle MNOCTPOEHMS 3aKOHYeHbI. Tak, Kak

DT =J ¢RI KX BTIEP)PB T 1l

d=IV(Lx:r,0 = J WJ <Qazo(i.x-B, YMi,B))*(B,Y,1,0<11+

J ap J sxzo(i,x-,B,1,17,8))[@(B,T,T,8) - (B, X Ux({,B)- NGy +
T_-;-T R2
t

J OB x1 x(i,p):1,8)ap8xJ Zo(t,a:/3,7:7(i,/3))d7- (35)
tar R

2
TO

S8fix-18) =1 () SEXR T 7EH)HE TLQik+

tjiréﬁgadmo(t,.r;BZﬁt, BM3 .10 - dfi Ber. O+

jonsr ol zot,x;r, 7;7(i, B))an2 d(B, 7t; X (i, B)\T,E)anA
i A1 a1

Mpn foKa3aTeNbCTBE NocnegHein opmMy bi UCMOMb3yeM, YTO
|ax2Z0(i, x; r, & y2- Y!(i - r)) - ai2Z0(i, x-,1,&,v2—yi(i —0)| <

clyz - yara~ - r)“7Rexp{-cp},



'( &R~oini X, I 7) y(t) 13)) V22 AH(t—p)ar2 —Q
1

pad 20 B, 7:y{t )em = J [0eZ0(, x- B, 7:y(t, B))-

d>X2Z0(t,x; B,n/-v (i, B))\2

= X 2—X\ (t—p)\<1-12-

W3 oueHok matpuubi MpuHa ZO(i,X;T1,&;&(i, B)) v dopmyn (35), (36) nonyymMm OLEHKM
Ana 4RV 18V, 0 < k < 2, KOTOpbie NOKa3biBatOT, YTO rNMaBHOM YacTbio MaTpuupi £(t, X: T, §)
ro nopsaaky ocoseHHocTw asngetca ZO(t,X]T, &', &(i,B)).

OTMETMM, YTO aHa/IOrMYHO MOXHO MOCTPOUTL C0.M.p. CONPSHKEHHON cucTembi K (1) [3, C.
91]. Wcnonb3ys chopmyny 'prHa-OCTPOrpagckoro, NoayyMm psg CBOMCTB (p.M.p. cUcTeMm
(1), B YacTHOCTK, (DOPMY/y CBEPTKM M CBOMCTBO HOPMabHOCTW.
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ATOMIZED MEASURES AND SEMICONVEX COMPACTA

Nykyforchyn O.R. Atomized measures and semiconvex compacta, Carpathian Mathematical
Publications, 2, 2 (2010), 83-100.

A class of atomized measures on compacta, which are generalizations of regular real-valued
measures, is introduced. It has also been shown that the space of normalized (weakly) atomized
measures on a compactum is a free object over this compactum in the category of (strongly)
semiconvex coinpacta.

Introduction

It has been known for a long that the space PX of probability measures on a compact
Hausdorff space X with the weak* topology is a convex compactum,, i.e. it can be embedded
into a locally convex topological vector space as a compact convex set. Moreover, it is a free
convex compactum [3] over X, i.e. it contains X as a closed subspace so that each continuous
mapping from X to a convex compactum K can be uniquely extended to an affine continuous
mapping from PX to K.

Some applications require the class of convex compacta to be extended to the class of
so-called semiconvex compacta [8]. The goal of this work is to show that free semiconvex
compacta can also be obtained as spaces of special measures, which we call atomized.

We use the following terminology and denotations : |1 = [0,1] is a unit segment, R+ =
[0; +00), R+ = (0; +00), Q+ = Q(0; +00). A compactum is a (not necessarily metrizable)
(bi)compact Hausdorff topological space.

For basic definitions and facts of the category theory cf. [7]. The category of Tychonoff
spaces 7ych and the category of compacta Comp consist of all Tychonoff spaces and all
compact Hausdorff spaces, respectively, and their continuous maps.
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1 Atomized measures

In the sequel X is a compactum, ExpX is the collection of all closed subsets of X,
and expX = ExpX \ {0 }. Each regular real-valued additive measure on X is uniquely
determined by its values on closed subsets of X, hence the following is equivalent to the usual
definition:

Definition. A function m : Exp X 4 | is a regular additive measure on X if, for all
A B € Exp X:

(1) m(0) =0;

(2) Ac B implies m,(A) ~ rri(B) (monotonicity);

(3) in(AuB) +m(ATMB) =m(A) +m(B) (aproperty which is equivalent to additivity);

(4) for each filtered subcollection A ¢ ExpX, the equality m(f] A) = infAeAm(A)
(r-smoothness, which is equivalent to outer regularity) is valid.

Obviously (1), (2) imply m(ExpX) ¢ R+. From now on all measures are considered
regular. For a closed subset X0 c X and a measure m on X, the restriction of m to ExpX0
is a measure as well, and it is denoted by rn\x0 for brevity.

We denote Y\ = m(X). If \\ = 1 (\m\ ~ 1), then the measure m is normalized or
a probability measure (resp. a subnormalized measure). We denote by PX the set of all
measures on X, and PX and P _X are its subsets that consist of all normalized and all
subnormalized measures respectively. The three sets PX ¢ P X ¢ PX are considered with
the weak* topologies [3]. Recall that PX and PX are compacta, and PX is not compact,
but it is a Tychonoff space.

For each continuous mapping of compacta / : X —Y and a measure m on X, the set
function m' : ExpF -* R, m'(B) = m(f~1(B)), for all B (c:I Y, is a measure on Y as well.

We denote m' by Pf(m) and obtain a mapping P f : PX —PY, which is continuous. Thus
a functor (7] P : Comp —T7ych is obtained. Since m" is normalized (subnormalized) whenever
rn belongs to the respective class, we have subfunctors P : Comp — Comp, P : Comp —Comp
of P. The functor P is the famous probability measure functor [3].

A measure m on a compactum X is purely atomic if there is a finite or countable sequence
(xr.Pi)rei in X x (0, +00) such that, for each A € Exp X, m(A) is equal to Z{Pi I*€ X, X €
A}. This implies that Zi*tPi is finite, and it is equal to 1 (is not greater that 1) if and only
if m is normalized (resp. subnormalized). The points xt are called atoms of the measure m,
and pi are their masses. Recall that the Dirac measure &x concentrated in x € X is the set
function

w ) = 1[6,§((€£A n e Exp*.

Then we can write m = Zi¢xP"xi- The latter definitions of atoms and purely atomic
measures differ from the usual ones for arbitrary measure spaces, but agree with them for
regular measures on compacta.

Now assume that we want to count all atoms of a purely atomic measure m separately, i.e.
the measure of a closed set A c X is a finite or countable list (determined up to permutation)

of the masses of all atoms that are in A We even allow for a finite or countable set of atoms
to coexist in one point, provided the sum of their masses is finite, i.e. atoms of m can be
split. The obtained set function is called a purely atomized measure.

The subsets of all purely atomic measures are not closed in either of the three spaces
PX, P X PX, if X is infinite. Moreover, it is easy to show that they are dense. Therefore
in this case natural attempts to determine a compact Hausdorff topology on the sets of all
normalized or subnormalized purely atomized measures fail. These sets are to be enriched
by “missing” limits of nets. A simpler approach is to assume that our measure can have
a purely atomized part and a non-atomized part which is an ordinary regular measure on
X. The latter one can have its own atoms, but they are not counted separately, just go into
a “common sum”. Thus we obtain what we call a weakly atomized measure. Another (more
complicated) way is to consider non-atomized part in more detail (to say, “atomize” it a little
as well), and it leads to atomized measures.

To properly define our measures, we first define sets, which will be their codomains.
Let us start with measures with finite numbers of atoms. We denote byS the quotient
set of the disjoint union U”Lo(™ +°°)nw.r.t. the equivalence relation that identifies finite
sequences of positive numbers if they coincide up to permutation. The equivalence class
of (JTi, J&,..., A,) is denoted by [Ab A2,...,An], and JJADA2, ..., An]] = Ax+ A+ .-+ A,
Observe that <$is an Abelian monoid with a unit [1], if a multiplication is defined as follows:

[AGA2, - A - [WN U2, - ] A A2, ..., AN
(all mn pairwise products at the right side). Since |A\-p] = N - W] for all A, p €S, the sets
S={AE€ES I = 1} and S ={Ae S \ W<}

are submonoids of S.
We also define an addition on Shby the formula:

[Ai’Az""’ Am] £ [l‘“! ”21 ’”rl] [AX! A2,...,)¢n,pl, |J21 ’W]],

making it an Abelian monoid with a unit [] (the equivalence class of the empty sequence).
Since “~” distributes over “+”, (S, +, ) is an Abelian semiring [5].
Three partial orders naturally arise on S (and hence on S and S):
(1) for Ap € iS, AN pif A= [y, p2,. -, P& = [oN>A2> - - 11, 1IN+, - mmpun], m ",
(2) for Ay € <S§ Al (A divides y) if g = A -v for some n €S;
(3) for A,y € S, A<y (pisarefinement of Aif A= [A,A2,..., Am, uy =[x, M2, ..., un]
m ~ n, and there is a surjection ¢ : {1,2,...,n) —{1,2,..., 1} such that A = Za0)=ili3
forall 1~ i~ m,
Observe that (5, ) is a lattice and a complete lower semilattice, and a function m :
Exp A”—=S such that:

E)) A(C )B_|rr[1]plles rn(A)  rn(B);
(3) m(A UB) + m(A NMB) —m(A) + m(B);
(4) m(P] A) = iniAeJIT(A) for each filtered subcollection A ¢ ExpX;



is precisely a purely atomized measure with a finite number of atoms. We call m normalized
(subnormalized) if [MAT)] = 1 (\m(X)\ ™ 1 respectively).

We denote by Sa the set of all measures on | such that their restrictions to [c, 1] are purely
atomic for all 0 <c ”~ 1, and the masses of each such c are multiples of ¢ (probably are equal
to 0). It is an easy exercise to show that Sa is closed in PIl. Let elements Ap of PI be
multiplied as follows: X-y = P(:)(A®u), where A8 € P (I x I) is the product measure [11],
and -: / x / —=l is the multiplication of reals. Then P is an Abelian Tychonoff topological
monoid, Pl and P are its compact Hausdorff submonoids [11]. Assume A u € Sa, then

A= Xoyi + <t X >O0foralli €X A < oo,
leX i£l

and M=" pidui +B060, p3>0forallj €J, ~ p3<oo
j&J £
It is straightforward to verify that

A= My~ONipi + (af + A -B+a - YN0 €S,
iex,jej ieX jej
therefore Sa C P1I is a closed submonoid.
The intersections

G =SalPl ={AeSal =1} and Sa=SalPl ={XeSa| " 1}

are compact Hausdorff topological monoids.

It is easy to see that <§° is closed under the “argumentwise” addition of measures, thus
(5°,+,-) is an Abelian Tychonoff topological semiring. It is also a lattice and a complete
lower semilattice w.r.t. obvious comparison.

For all A= [Ai,..., Am € S, the measure ia(A) = X idis in Sa, and the mapping
ia : S —¥Sa preserves multiplication, zero and unit, |... | pairwise suprema and arbitrary
infima. It restrictions provide similar embeddings S —Sa and $—=Sa. Thus we consider
<§ S and S as submonoids of Sa, Sa, and Sa respectively.

Thus we arrive at a required

Definition. A function m : ExpX —Sa such that:

(1) m(0) =0;

(2) AC B implies m(A) ~ m(B);

(3) m(AUB)+ m(ATIB) =m(A) +m(B);

(4) m(p] A) = infAenT (A) for each filtered subcollection A C ExpX;
is called a weakly atomized measure. 1fm(X)(0) = 0 (hence m(A)(0) = 0 forall A € Exp X),
then we call m purely atomized. A function m is normalized (subnormalized) if\m(X)\ =1
(\m(X)I ~ 1 respectively). The correspondence mn : A = m(A)(0) is called the non-
atomized part of m, and m.a : Ai=m,(A) —m,n(A)SO is the purely atomized part of m.

Such m is of the following form: there is a real-valued measure m0 on X and a finite
or countable sequence (xi,Pi)iei in X x 1R+ such that, for each A € ExpX, m(A) is equal

to Z{pioF i € X, X € A} +m0(A)d0. Then ma send each Ato Z{pidA \i € X xr € A}
(and is purely atomized indeed), and mn = mO0, hence the non-atomized part is a regular
real-valued measure.

We identify such a weakly atomized measure m : Exp X —S with the following real-
valued measure m € P(X x I):

rh(B) = ~~{Pi M e  (xi,Pi) EB} +mO(pri(B M(X x {0}))), B €Exp(X x I).

It is a unique real-valued measure m! € P(X x I) such that m'(A x F) = m(A)(F) for all
AEExp X, F €EExpl. The set P<4X of measures m for all weakly atomized measures m on
X consists of all real-valued measures on X x | which are purely atomic outside of X x {0},
and masses in all (x,p) € X x (0; 1] are multiples of p. The subset PaX C P(X x I) is closed,
as well as the analogous subsets PaX C P_(X x I) and PaX C P(X x I) that correspond to
subnormalized and normalized atomized measures.

By observing that, for each continuous mapping of compacta / : X ->Y, the inclusions
P(fxh)(PaX) Cc PaY,P(f xh)(PaX) C PaY, and P{f x 17)(PoA) C PaY are valid, we
obtain subfunctors Pa : Comp —7ych, Pa : Comp —Comp, and P a : Comp —Comp, of the
functors P (—x 1) : Comp —7ych, P(—x 1) :Comp  Comp, and P (—x I) : Comp —Comp.
We call them the functor of weakly atomized measures, the functor of subnormalized weakly
atomized measures, and the functor of normalized weakly atomized measures, respectively.

To proceed, we recall that the Bohr compactification [6] of the multiplicative group
of positive reals is a compact Hausdorff Abelian topological group (bohr.x. . -), together
with a continuous homomorphism : R+ — bohrM.+, such that, for each continuous
homomorphism / : R+ —G into a compact Hausdorff Abelian topological group, there is
a unigue continuous homomorphism bohr f : bobrlLH—G such that bohr f 0 6R+= /. The
image 6R+(M+) is dense in bohrll+. Moreover, it is not difficult to prove the following:

Lemma 1.1. For all y € bohrR+, there is a net (np) in N such that (n0) — +oo,
b&Hmp) —.
By Ibwe denote the subset

{(t,bR+(t)) 1t € (0; 1]} U ({0} x bohrR+)

of the compact Hausdorff Abelian monoid I x bohr R+. Obviously Ibis closed, hence is a com-
pact Hausdorff Abelian monoid as well. Similarly to the above, we make P (Ib) a Tychonoff
Abelian monoid by putting

A-p = P()(X &), for AuEP(Ib

Let Sb be the set of all real-valued measures on Ib that are purely atomic outside of {0} x
bohrM.+, and masses of all (t,g), t € (0; 1], are multiples of t. Then S C P{lIb) is a closed
submonoid, and the intersections Sb=SbTP(/b, Sb=S TP(Ibh) are compact Hausdorff
Abelian monoids. An embedding ib : S -* Sbis determined by the formula: for all A=
[Ab ..., Am] €S, ib{{ = T,7=iXS\i,bRHX))- Its restrictions provide embeddings S >
and S —Sb. The restriction ph of Pprx: P(I x bohrR+) -» PI to S is a surjective
homomorphism onto Sa, and its restrictions map Sb onto Sa and Sb onto Sa.



Lemma 1.2. The set S is dense both in Sa and Sbh.

Proof is straightforward.
Since Sbis an Abelian semiring, a lattice and a complete lower semilattice, we use it
the same way as S™* and suggest:

Definition. Afunction m : ExpX —Sbsuch that:
(1) m(0) =0;

(2) Ac B implies m(A) ~ m(B);
(3) m(AUB) +m(ATMB) =m(A) +m(B);
(4) m(f]A) = infAen'T(A) for each filtered subcollection A c ExpX;

is called an atomized measure. 1f m(X)({0} x bohrM.+) = O(hencet(/1)({0} x bohrR+) =
0 for all A € ExpX), then we call m, purelyatomized. Afunction m, isnormalized
(subnormalized) if \m(>X)\ = 1 (\m(X)\ ~ 1 respectively). The correspondence mn : A h>
?2u(A)I({opdohrr+) IS called the non-atomized part of rn, and ma = rn —mn is the purely
atomized part of m.

Note that the non-atomized part mn is not a real-valued measure, but a measure with
values in the space of real-valued measures on a compact Hausdorff group, namely on {0} x
bohr R+

We identify again each atomized measure m on a compactum X with a unique real-valued
measure m on X x Ibsuch that rh(A x F) =m,(A)(F) for all A€ ExpX, F € Exp/6. The
set PhX of all such m consists of all measures on X x I'b¢ X x | x bohr R+that are purely
atomic outside of X x {0} x bohr IR+, and masses of all (x,t,g), t > 0, are multiples of t.
The compact Hausdorff subspaces I' "X of all subnormalized atomized measures and P bX
of all normalized atomized measures, as well as the functors P : Comp — 7ych of atomized
measures, P6: Comp —Comp of subnormalized atomized measures, and Pb: Comp —=Comp
of normalized atomized measures are defined obviously.

Reasons to introduce such a complicated notion of atomized measure (comparing to the
definition of weakly atomized measure) will be clarified in the next sections.

2 Semiconvex compacta

First recall some definitions and facts from [8]

Let A’ be a convex compactum (i.e. a convex compact set in a locally convex topological
vector space) and c¢(x,y, A = Ax+(1- Ay, forall x,y €X, A€ I, i.e. cis a pairwise convex
combination. For the sake of brevity we will write A(x,y) instead of c(x, y, A). The ternary
operation ¢\ X x X x | ™ X satisfies the following properties:

(1) forall x,y €X, A€1 : A, y) = (1 —A)(y,x) (commutative law)-,

(2) forall x,y,z€X A, y,vE€Il A{p+u=21p¢0:

MG -1 2) = A+ (= (1), 2)

(associative law)]

(3) forall x,y €X : I(x,y) = x;

(4) each neighborhood U of the diagonal Ax = {(x,x) |x € X} in X x X contains
a neighborhood B of Ay such that (x,Y), (z,t) € B, A€ | implies (A(x, z), Aly, t)) € B;

(5) A(x,x) =x for all x € X and A€ | (absence of loops).

In the presence of (1)—3), the property (4) provides local convexity and is equivalent to
the following :

(4") the topology on X is generated by a family of pseudometrics (dn)n€A such that
X,y,z,t €X, ¢ >0,a €A da(x,y) <g, da(z,t) <g XE€EI implies da(A(x, z), Aly, t)) <e.

Remark. Ifpseudometrics da,dp satisfy (4), then the expression max{dn(x, y), aB(x, y)} is
also a pseudometric, which satisRes (4). Therefore we can assume that the family (Ca)a€ 4
is directed and even saturated [2].

Results of Swirszcz [10] imply that any compactum X with an operation ¢ that satisfies
(I)-(5) can be embedded as a convex compact set into a locally convex topological vcctor
space so that c is a pairwise convex combination. In particular, the hyperspace cc K, of all
non-empty convex closed subsets of a convex compactum K with the Vietoris topology [11),
with the operation ¢ defined as ¢(A, B, A) = {Aa-f(1—=X)b |]a € Ab €EB}, forall AB €ccK,
X€ 1, satisfies (1)-(5) and is a convex compactum as well.

Unfortunately, if we use the latter formula to define combinations of elements of the
hyperspace exp K of all closed non-empty subsets of a convex compactum K, only properties
(1)—4), but not (5), are valid, hence exp K does not become a convex compactum this way.
There are a lot of similar examples, involving, e.g., convolutions of measures, such that (5)
fails. Therefore we will relax the requirements to cover such structures.

A semiconvex compactum is a compactum X with a continuous ternary operation ¢ :
X x X x| —X (we usually call it semiconvex combination and write A(X y) instead of
c(x,y,A)) such that (I)-(4) are valid. In the sequel we assume that a family of pseudoinetrics
(da)aeA on X, whose existence is assured by (4’), is fixed and saturated for each particular X.

Extend the notion of semiconvex combination onto finite number of elements of X. Let
AX,..., Aa™ 0, A-F---F>=1and xj,... xXn € X>then

Xi, if A= 1
A, (Y2, TTYCX2 %)), ifALG L

If arguments x1;... ,xn of semiconvex combination are permutted simultaneously with
the respective coefficients Ai,..., A, the value of semiconvex combination does not change.
We can also drop arguments that correspond to zero coefficients. We call a subset of X
semiconvex if it is closed under semiconvex combinations.

By continuity semiconvex combinations are naturally defined also for countable numbers
of elements. Letx, € X, X €1, 1 =12,..., besuch that JASi = 1 Then the sequence
(Ai,...,A i, 1 —A —--- —An_i)(xi,...,xn), n € N, has a limit, which we regard as
the value of (Ab A2,... )(xi, x2,--+)- This value is continuous w.r.t. (xbx2,...) € XNfor
a fixed (A, A2, ...).



The constructed in the previous section monoid S naturally acts on X:
[/\ly’An]X (AX”m)(XIiX)’ XGX’ [’AX!’An]eé

and all correspondences x  sx, for s €S, are non-expanding w.r.t. all pseudometrics da.
For A € expX and s = [AX,..., A] € S, we write SA = {sx |[x € A} and s * A =
{(Ai,..., AY(XX,..., xn) Ix\,...,.xn € A}, and obtain two actions of S on expX. If A'is
semiconvex, then so are sA and s * A
For any subset Ac X the set

Sj4 = {s*,4]sG<S} = {(Ai, ..., A)(XX:--., Xn) X ..., xn € A
neNA.. B XELA+. --+A1=1}

is a least semiconvex subset in X that contains A It is called the semiconvex hull of A
Its closure is a least closed semiconvex subset in X that contains A and therefore is called
the closed semiconvex hull of A In particular, Cl(<S{a}) is a least closed semiconvex set that
contains a € X.

A mapping f : X —Y between semiconvex compacta is called affine if it preserves
semiconvex combinations, i.e. Z(A(xX,;X2) = A(/(xx)./(x2)) whenever xx,x2 € X, X€I.

For the reader’s convenience, until the end of this section we reproduce several statements
from [8], in particular because of changes in notation.

Lemma 2.1. Let a € X, A = CI(<S{a}), then P] sA is a unique minimal w.r.t. inclusion
seS
closed semiconvex subset B ¢ A

Proof. By Zorn Lemma such a minimal subset B exists. Since, forany s €S, the setsB ¢ B
is also closed and semiconvex, we obtain sB = B. Then B ¢ A B = sB ¢ sA implies
B e P]sA = A0, and the latter set is closed, semiconvex, and satisfies A0 = sAO for ah

se S

Let x € A), € > 0,a € A b€ B. Since B C Cl(<S{a}), there is ' € S such that
da(b,s'a) ™~ ¢/2. Choose y € A0 such that x =s'y. There is s" € S such that da(y, s"0)
¢/2. By non-expansion, obtain da(x,s's"a) = da(s'y, s's"a) ™ €/2, da(s"b, s's"a) N €/2.
Then da(x,s"b) ™ ¢/2 +¢/2 = ¢, s"b € B, therefore da(x,B) " ¢, which implies x € B.
Thus B = P] sA. O

seS

Due to the above lemma, for all s €S, the correspondence B — B that takes each b to sh
Is a non-expanding surjection w.r.t. all pseudometrics da, a € A. Since any non-expanding
surjection of a metric compactum onto itself is an isometry, for all a,be X ,seS,ae A,
we have da(sa, sh) = dQa, b).

Lemma 2.2. The set B = p| sA consists of a single point.
sGS

Proof. Putting A((x-,Y), (z. 1)) = (A(X, 2), X(y, 1)), forall (x,y), (z,t) €B x B, XE I, we turn
B x B into a semiconvex compactum. For x,y €B, let (x —=y) = CI(<S{(x,y)}) C B x B.
Since 5{x} and <§{?/} are dense in the compactum B, prj((x —=)) = pr2((x —=Yy)) = B.

Let (zi,ti),(z2,t2) € <S{(x,y)}, i.e. 4 = Sjx, tx = sx, z2 = s, t2 = s for some
sx,52€S. Forall € >0, a €Athereiss €S such that da(sx,y) <e. Then

da(ti,t2) = da(siy, s2y) ™ da(sx,sxsx) + da(sisx, s2x) + da(sx, s2y) =
da(y, sx) +da(six, s2) + da(sx,y) = da(zi,z2) + 2¢,

hence dQ(ti, t2) ™ da(zi, z2). The reverse inequality is valid as well, thus da(ti, t2) = da(z\ z2)
for all elements (Q, ix), (z2,t2) of <S{(xi(/)} and therefore of C1(5{(x,y)}) = (x y). It
implies that (x -my) is the graph of a mapping B -> B which is an isometry w.r.t. all dQ
a €A and (y —X) is the graph of an inverse isometry.

Let (z,ti) € (x -=>yx), (z,t2) € (x ->y2). There exist a net of the form (spx), s0 € S,
such that BBX -> z, then sOy\ —ix, spy2 —t2. Since da(sOyi, sgy2) = da(yxy?2), the equality
da(yijy2) = da(ti,t2) holds.

Fix an arbitrary point b € B. For all x,y € B, there is a unique x € B such that
(x =>vy) = (b — z). Thus we can properly define an operation on B: for z\,z2 € B, let
( = 2 mz2 be such that (z2 -> z) = (b —zX. By the above, this operation is an isometry
w.r.t. each da in each argument separately, hence is a continuous mapping B x B —B.

Assume that 2\ = S\b, z2 = s2b, then (b —=2\) = {(X.Bxx) |x € B}, therefore 2\ mz2 =
sis2b = sXxib = z2 mZ\ Such z\,z2 are dense in B, and “-” is continuous, hcncc it is
commutative for all arguments. Similarly the associative law in S implies the associativity
of “..

The inverse for x € B is a unique y € B such that (y,h) E (b —x). Uniqueness of
the inverse and the compactness of B imply the continuity of the inversion.

Consequently B is a contractible compact Abelian topological group. It is known |1 4]
that such a group is trivial, i.e. is a singleton. O

The point b € B is unique in A such that A(6,b) = b for all A€ /. Let bX: X X be
the map taking each a € X to such a point b € Cl(«S{a}). Then bX(X) is a closed subset
of X consisting of all points b € X such that Alb,b) = b for all A€ I. This set is called
the center of X and denoted Ctr(X).

Theorem 1. The net (sx)se(s\N is uniformly convergent to bX(x), for x € X. The map-
ping bX is an affine and non-expanding w.r.t. all da, a € A retraction of the semiconvex
compactum X onto its center Ctr(X).

Proof. Since X is a compactum and all mappings s(— : X —X are non-expanding, it is

sufficient to prove the pointwise convergence. Let x € X, A = CI(»S{x}). For all s,s" €S,

s|s' we have s’A c sA. Since {6A'(x)} = ESSA’ for each neighborhood U of bX(x) there is
S

s €8S such that sA ¢ U, hence for all s" €S such that s|s' we have s'x €s'A ¢ U.
All mappings s(— : X —X are affine, therefore the same is valid for bX. Obviously
bX(x) = x if and only if x € Ctr(X). M

This implies that (1)-(5) arc valid for Ctr(X), and the center is a convex compactum,
a largest one of all convex compacta that are (algebraically and topologically) embedded
into X.



Let 4, i & I, be subsets of a compactum X, T a filter in the index set X By lim we
denote the upper limit:

lim Al = {x € X \for all neighborhoods U 3x andF € T
there is i € F such that Ai (1U ¢0}.

It is obvious that lim Ar C X is closed and nonempty whenever all Ai are nonempty. For all
s = [Ai,...,AnE S we denote maxs = max{Ai,..., An}.

max s—0

Lemma 2.3.For any subset A <ZX the equality €I(isrr}) s*A= lim s*Aholds.
St(9,

Proof. Letbhe€e €Ilrsnl)s * A, Ub be a neighborhood of b, and € > 0. Take an arbitrary sOES

such that maxsO <e. Thereiss €S such that s|s0) s* AilUa ¢ 0, hence maxs <e. Thus
be, im s A

Let s = [AX,..., Am] € S. We can (non-uniquely) visualize s as a partition of the unit
segment | into adjacent segments of lengths Ai,...,Am. Their ends form an increasing
sequence s': S, =0, S] = Ab §2= A(+A2, ..., Sm = Ax$f----hAm= 1 Ift = [p1,...,un] €S
Is such that the respective sequence t', with t0 = 0, tf[ = pyx, t2 = yx+p2, ..., th —
Ui+ ---+pun —1) is a subsequence of ., then t <s, i.e. s is a refinement of t.

Now let b € Ilim s*A ¢ >0,a € A Sincec:1 xI x/->1 1isa contin-

max s

uous mapping of compacta, there is & > 0 such that, for all x,y,z € X, 0 ~ A <},
the inequality da(X(x, z), X(y, z)) < €/2 holds. Choose arbitrary sO = [Ai,...,Am] € S.
There are t = [yt,...,un\€S, ax... ,an € Asuch that maxi < d/m, da(a, b) < &/2) for
a = (/#),..., fin){ai, -man)- Construct the described above sequences § and i! for «o and
t, and let s' be the union of sD and t' in ascending order. Then s’ represents s €S which is
a refinement both of 9 and of t. Let each segment [<j_i, £] of length pi is split by elements
of s into ki ™ 1 parts of lengths p],...,u"'". Calculate the point

¢ (//’j!"'YIJiX1"'!“!i!"'1 y--'yun!”'yuX) u —

fcl times ki times fc,, times

At most m segments were split into ~ 2 parts, hence the combinations a and c differ (in
obvious sense) only in arguments such that the sums of the respective coefficients are less
than m -6/m = 4. By the choice of 4 this implies dQa, ¢) <e/2, hence da(b,¢) ™ da(b, a) +
da(a, ¢) <e/2 +e/2 = ¢ Observe that c €s * A and by sO|swe obtain b€ lim s*A O

s€(5,])

It is easy to see that a largest closed subset A C X, such that [Ai,..., An](— : An -+ A
is surjective for any [Ai,..., An] €S, is equal to s*X = |im s *X, hence is semiconvex.
j yl | q Q SJ@D

Similarly, for a particular A € (0; 1), a largest closed subset A C X such that A: A2— A'is
surjective is equal to p| [A 1—A]" * X. Obviously

piyg,i- Ap*x dp S*X.
nEN seS

On the other hand, max[A 1—A]"—0 a s n —00, therefore

|I:)>1[A 1—Agn*X ¢ meligll@ 5 X

neN

and by the latter lemma
lim s*X = Ilim s*X
«£(5,1) max s—0
Therefore all the constructed sets are equal. We call any of them the weak center of X and

denote it by WCtr(X). Since

WCtr(X) = pl {(AL...,A,)(z1,...,xn) IXi,...,xn € X},
néN,Ai,...,Ane/,
AH hAn=1
Ctr(X) = Pl {(Ai,...,An)(Xx ...,.x) IXEX},
raGN,Ai,...,An€/,
M H--f-An=1

we obtain Ctr(X) C WCtr(X).

Recall that X0 = WCtr(X) is semiconvex and closed in X, therefore is a semiconvex
compactum as well. Denote [*,...,N(X:,..., X) = (")x- For all m,n € N, the mapping
(-)(-) : X0 -> X0 is a non-expanding surjection, hence an isometry, w.r.t. all da, and
(I> =0 mO*=@° d)* 10 dllex- Treefae (I)->06)Xx H|L)- o(_)z
for all m,n, k € N, x € X0) and weuse the latter expression as a definition of (™)x.
particular, (n)x = (*)~1x.

Thus an action of the multiplicative group Q+ on Xo is obtained.

Lemma 2.4. The obtained action Q+ x X0 -> XO is equicontinuous (with x € X0 as
a parameter) w.r.t. all da and a standard metric on Q+C R.

Proof For each ¢ >0, a € Athere is0 <35 < 1such that da(X(a,b),b)< ewhenever
a,beX, XEI, X<d Let xX€ X0, p,g€Q+p(l- 293 <q<p/{l- d).Fp=q, then

(p)x = (g)x. If g <p, we can assume that p = q= n <n <n/(l —5). Denote
y = (m)x, then (f)x =[J,..., Jy,, (M)x =[i,..., £]y, and

1 1 n-n 1 1 1 ,

O A S S S VIR

Observe that 0 < IIr1 < 0, hence

da({p)x, (©)X) = da{[.... -}, 1 <s

Ifq >p, then g <p <g/(l - 3), and we similarly prove that the previous inequality is valid.
Thus we have constructed a neighborhood Op = (p(I —9),p/(1—0)) MQ+ of p such that
g € Op implies da((p)x, (q)x) < ¢ for all x € X M

Therefore an action (...) of Q+on X0 can be uniquely extended to a continuous action,
of R+ on XO0, for which we preserve the same denotation (...). Wc define a new operation



0 : X0-» X0x /-» Xo by the formula Ao(x, y) = (yrp)y) if0 <A< 1 lo(x,y) =X,
00 (X.y) =y for all x,y € xo- It is straightforward to verify that for “o” the properties
(1)), (4), (5) are valid, hence (X0!0) is a convex compactum. We arrive at the following
statement:

Theorem 2. Asemiconvex compactum X isa weak center of some semiconvex compactum if
and only if there exist a continuous operation o : Xx X x| —X and a continuous action (...)
of (0; +00) on X such that (X, o) is a convex compactum, all mappings (A) : (X, 0) =(X, 0)
arc affine, and, for all x,y € X, A€ (0; 1), the equality A(r,y) = Ao ((X)x, (1 - \)y) holds.
These “0”and “(...)” are uniquely determined.

Remark 2.1. The center Ctr(X) is asubset ofWCtr(X) that consists of all points x such
that (A).7 = x for all A€ (0; +00) and the previously defined action (...).

Definition. If Ctr(X) = WCtr(X), then wc call X a strongly semiconvex compactum.

Here is an alternative definition: a semiconvex compactum X is called strongly semicon-
vex if for any x € X the point [Ab ..., A,]Jr converges to a unique point y € X whenever
Ab ..., A, N0, X4+ An= 1 max{Ai,..., An} -> 0. This implies that if f : X Y
is an affine surjective map of strongly semiconvex compacta, and X is strongly semiconvex,
then Y is strongly semiconvex as well.

Many (but not all) *“real-life” examples of semiconvex compacta belong to this class,
e.g. the previously mentioned hyperspace exp K of closed non-empty subsets of a convex
compactum K.

By the above, for all x € X, we have da([X\,..., AnJrr, WCtr(X)) —= 0 as
max[Ai,..., An] -> 0. Now we are going to extend results of [8] and to clarify the behaviour
if the expression [Al,..., Xa]x in a simpler case AX=---= An =

Forall x € X and n € N, let a sequence i in | be defined by the formula xn = (£)x. On
the set X Nof all sequences in X we consider a pseudometric da, which is defined as follows:

do.(n)i (¥m)  hm da(xn,yn),  (xn), (yn) ~ X -

Theorem 3. Foreach x € X, there isa unique x0 € WCtr(X) such that da((")x, (E)xo) 0
as n -» oo foralla € A. The mapping wbX : X -» WCtr(X) that sends each x to
the respective x0 is an affine and non-expanding w.r.t. all dQ retraction of a semiconvex
compactum X onto its weak center WCtr(X), and satisfies the equality bX o whX = bhX.

Proof. For all ov € A, the mapping (X,da) -> (XNda) that sends each x to X, is non-
expanding, and its restriction to WCtr(X) is an isometry because da((")xi,(")x2) =
dn(xi,.r2) for all x\,x2 € WCt.r(X). Thus the uniqueness is immediate.

Let x € X, ol € A The sequence (da((x)x, WCtr(X)))neN tends to zero, therefore there
is a sequence (yn) in WCtr(X) such that da((\)x,yn) ->0asn -» oo. Foralln €N
choose xn € WCtr(X) such that {\)xn = Y Since WCtr(X) is a compactum, there is
a subsequence (xni) that converges to some x0 € WCtr(X), hence da((”~)xo,yni) 0 as
1 —o00. By the triangle inequality for da, we obtain that da((")x, (*)xo) —0, i -» oo.

For each ¢ > 0O, there is i € N suchthat da((x)x, (E-)x0) < €/3.  We can also choose
m e N such that, for all x,y € X, X€ I, the inequality A~ ~ impliesda(X(x,y),y) < €/3.
Letn A nO=wrnl, thenn =xw +/ k"™ m, 0~ | <u. We have:

dark”™) X = Ne *°> ~danrn)X{n,)Xo) <£/3
If 1~ 0, then:
dM i>x. @ *») = Kuy + | g(mJJ;cliM =

W ** +  KUWI*W  lo)+

dMIK X" kAT i{l x> (/~>r0) <e/3+1/3+8/3=¢:

Hence da((™)x, (*)x0) for all n ~ n0. Therefore da((™)x, (*)xo0) -> 0, n -) oo, for at
least one xQE€ WCtr(X). For a particular pseudometric da, such x0 form a closed set, and
the family of all such sets is filtered because the family (da)aeA is directed. Therefore there
is xq € WCtr(X) such that (da((")x, (*)xg)) =0, n — o0, for all a € A Thus a required
To exists and is unique.

Observe that, for all a € A x,y € X, and xo = whX(x), yo = whX(y), we have
da(xo,y0) = da(x,y) ¢ da(x0,y0), hence tubX is non-expanding. The equality whX(x) = x
for x € WCtr(X) and preservation of semiconvex combinations by whX are obvious.

Let the set N x S be partially ordered as follows: (m, s)\(n,t) if m\n (i.e. rn divides 72),
sli. For x € X, consider the net (n[£, ---, ']-T)(n,s)s(Nx5,)- It is obvious that it converges
to bX(x). Ifs €S is fixed, then (s[*,..., £]zne(N,]) uniformly w.r.t. s and x converges to
s(wbX(x)), and (s(wbX{x))se(S\) converges to bX(v!bX(x)). Thus bX(.r) = bX(whX(x))
for all x € X. O

3 Spaces of atomized measures as free semiconvex compacta

Let »SConv, t><SConv, and WASConv be the categories that consist of all semiconvex com-
pacta, of all strongly semiconvex compacta, and of all semiconvex compacta that coincide
with their weak centers, respectively, and of all affine continuous mappings of these spaces.
There are obvious forgetful functors:

Conv



Our goal is to construct free objects, and hence left adjoints [7] to these functors. Recall
that a left adjoint to the composition Us o Us : Conv -» Comp is known (the probability
measure functor P [3, 10]) and thoroughly invesigated.

The “upper part” is easier. Observe first that, for a morphism /7 : X — Y in SConv,
the inclusions f(Ctr(X)) c Ctr(Y), f(WCtr(X)) ¢ WCtr(Y) and the equalities bY o 7 =
/ o bX, wbY o/ = 7/ owbX are valid. Thus we denote by Ctr(f) : Ctr(X) -» Ctr(Y)
and WCtr(f) : WCtr(X) -» WCtr(Y) the restrictions of /. They are morphisms in Conv
and WSConv, resp., hence we obtain functors Ctr : SConv —Conv and WCtr : SConv —
WSConv.

Then the following statements, which extend Theorem 3 [8], are at hand.

Theorem 4. The functor Ctr is a left adjoint to the embedding of categories Us : Conv -»
iSConv. bX : X —YCtr(X) is a component of a natural transformation b : Isconv -> Ctr,
which is a unit of the adjunction. The restrictions of Ctr to SSConv and WSConv are left
adjoints to the embeddings Uss : Conv -> SSConv and Uw : Conv -> WSConv, respectively.

Similarly:

Theorem 5. The functor WCtr is a left adjoint to the embedding of categories UM :
WSConv — SConv, whX : X — WCtr(X) is a component of a natural transformation
tub : 1.sconv -> WCtr, which is a unit of the adjunction.

On other words, Conv ¢ SConv and WSConv ¢ SConv are reflective subcategories, and
Ctr and WCtr are reflectors [7].

Remark. We leave as open the problem of explicit construction of a left adjoint to the em-
bedding U™:SSConv -» SConv, although its existence is known.

Now we consider the “lower part” of the diagram.

Proposition 3.1. Let X be a compactum, ((...)) : (0;+00) — G be a continuous homo-
morphism into a compact Hausdorff Abelian topological group. Let Z = P(X x I x G),
h\(x, t,9) = (x, A, ((A)g) forall (x t,g) €Z, A€ (0; 1]. With an operationc:ZxZ x| —Z
that is defined by the formula

¢(mi, m2,A) = XPh\(mi) + (1 —X)Phi-\(m2), 0 < A<,

and c(mi,m2, 1) =ruw, c(rrii,rn2,0) =rn2for all rni, m2€ Z, Z is a semiconvex compactum.
The weak center of Z is equal to P(X x {0} x G), and the mapping wbZ is equal to Pp0,
where po - X x I x G —¥X x {0} x G takes each (x,t,9) to (x 0,9),

Proof. Properties (I)-(3) are obvious, only (4’) has to be verified. Let the topologies on X
and on G be defined by directed families of pseudometrics (pB)p™B and (07)7€r respectively,
and all @l be invariant, i.e. 9y (a,b) = 9y(ac,bc) for all a,b,c € G. Then the functions
dpy:Z x Z x | —=Z, which are defined by the formula, for p €B, 7 €T

dpM(mu m2) = sup{Imi(<p) - M2{Y\ | \o(\A\,91) ~ <ipe,t2,g2\ < Tax{pp(Xi,x2),
M- t2161(91,.7a)} for all (xuh, gx), (x2,t2,02) €EX x| x G}, mbm2€ Z

form a family of pseudometrics, which is required by (4").

Observe that if m € Z, suppm 3 (x,t,g), t > 0, then m is not equal to any
(£,..., £)(mi,..., mn), mi,..., mn € Z, whenever £ < t. Hence WCtr(Z) ¢ P(X X
{0} x G). On the other hand, if m €P(X x {0} x G), 0 <A <1, then

m=\(nii,m2), rw =P (Ix x 1/ x (()){-)) (M), m2=P(Ix x /' x ( (~ ))(-)) ("0-

Since mi,m2 € P(X x {0} x G), we obtain WCtr(Z) = P(X x {0} x G). Form € Z
mo = Ppo(m), p €B, n €T, we have m0 € P(X x {0} x G) and aB<(")n1, (*)m0) —0 as
n —>00, therefore whZ(m) = PpOQ(m). O

We are interested in the two particular cases: G = {e} and G = bohr IR+ with ((A) =
6r+(A).

Corollary 3.1. Thesets PaX C P(Xx1) =P(X xIx {e}) and PbX C P(X xIx bohrR+)
are semiconvex w.r.t. the just defined semiconvex combinations.

Proof is straightforward. Hence PaX and PbX are semiconvex compacta, and it is easy
to see that PaX is strongly semiconvex. Moreover, for a continuous mapping of compacta
f : X —Y, the mappings Paf : PaX —PaY and Pbf : PbX —PbY are affine, thus we
can regard Pa and Pbas functors Comp —aSSConv and Comp —SConv, resp.

There are embeddings naX : X c-mPaX and rfX : X  PbX, namely:

V X(X) AxD> T X (X)D) X £ X-

Theorem 6. For a compactum X, the pairs (PoX,naX) and [PhX, rfX) arc free objects
over X in SSConv and SConv, respectively, and the functors Pa : Comp —SSConv and
Pb: Comp —SConv are left adjoints to Uss : SSConv —Comp and Us : SConv >Comp,
respectively.

Proof. Let ¥ be a semiconvex compactum with a directed family (da)aeg that satisfies (4),
and / : X ->Y a continuous mapping. Assume that / : PbX —Y is an affine continuous
extension of /. Then, for all xx, ..., xn €X, Ai,..., An € (0; 1] such that Al + ---+ An =1,
we have

2 \S(xi, Aj, bRF(AI)) = (Ab ..., An)(?T6(x1),...,n0(XN)),
i=1
therefore
(ZAiG(xi, Ax, 6r+(Aj))) — (Ai, ..., A (/(ati),..., f(xn)).
i=1

By continuity

/(Z\rfi(xr,Ax, bR+(\i))) = (Ab A2, ... )(F(X]), 7(x2),...)
i=1



Now let m = £x0g € P(X x {0} x bohrR+). Take a net (I'B) in N which existence
for ¢ 1 € bohr R+ is guaranteed by Lemma 1.1. Then (') —+00, bR+ (") —¢ imply

(t, ~,V+(~)) » 0,0,0), hence

=0 />Nlag) =® /(1) -* AP<tsm= A"’

Therefore /(m) € Vo = WCtr(Y), and the net (*)(wbY (Z/(x)) in YO by Theorem 3
converges to f(m) as well. Let Iso(YO) be the group of all bijections on YO that preserve all
da, with the topology of uniform convergence w.r.t. each of da. Recall that by Theorem 2
there exist (and are unique) a continuous operation o0 : YO x Yo x / —\b and a continuous
homomorphism (...) of (0; +00) into Iso(Y0) such that (Vi),0) is a convex compactum, all
(A) : (Ko,0) —m(K0,0) are affine, and, for all y\,y2 € VO, A € (0; 1), the equality A</xy2) =
Jo ((JT)yi, (1 —A)y2) holds. The group Iso(Yq) is compact Hausdorff, hence there is a unique
continuous homomorphism ((...)) : bohrR+ —1s0(Y0) such that (SK+(A)) = (A) for all
A €r+. Then (£)(wbY(f(x)) = ((bRH=x)))(wbY (f(x)) (©))(wbY (f(x)), thus obtain

LLix,0.8)) = ((9(.™bY(f(x)).
Now let m =2"= £ P{X x {0} x bohrR+), A¢@ Ofori =1,...,n, then

= (AX- -, An) (i (IDOJRHA 1), - - -, ~(in,0bR(A)gN)) *

hence

) =
) =

/(m) = (Ai,..., A(/(<S(Ii0IRHA-)9)), =, « (ii(O6068H\~Dgn))) =
(Ab ..., Xn)(((bR+(Xil)g\))wbY (/(xX)). - ((bRHX~1)9n))WbY( (xn)
}\|<A|)(Af1)«<7|) ) ( (Z(xi))) + +\n(\n)(\ [)((gn))(xvbY (f(xn)

Ai((y))MT (7 (xx))) + A((gn))(wbY (f(xn))).
Since measures with finite supports are dense in P(X x {0} x bohrR+), there can be

at most one continuous mapping P(X x {0} x bohrR+) —Y0 that agrees with the above
equality, and it is determined by the formula:

~ ~—

f(m) =c¢YOo P(Hf)(m), m € P(X x {0} x bohrR+),

here cYO: PYq-> Y§is a barycenter map which takes each probability measure on the convex
compactum YO0 to its barycenter, and Hj : X x {0} x bohr IR+ —\b takes each (x,0,9) to

(@) (wbY (f(x)).

Now we are ready to study a “mixed” case

m = A0mO0 + ZA,E)(X], A5 br+(Ai) € Pb(X), mo € P(X x {0} x bohrR+),
i=
N is either finite or oo. Such m is a combination of measures of previously considered forms:

= MO(P(ixx{o} x bHAOH)(-))(T0), ~ T 3(x{ X br+(——)),

i — Jlo i — [o 1 — Jlo

f(m) =>0(f(P(Ixx{o}x ~+(A0O1) (- ). (- — )X/ (1), -)) =L
(Ao,Ax,AZ,...)(cVooP(Hftm)( 0), 7/(xx), /(x2),...),

here Hf \0: X x {0} x bohr R+ —Y0 takes each (x,0,y) to (Aq2)((g))(wbY (f(x)).

We obtain formulae which determine / uniquely. It is easy to see that such / is affine.
Due to size limitations we omit a routine but straightforward proof of its continuity. Its idea
is that a “part” of a measure that is “close” to the weak center P(X x {0} x bohr R+) C PhX
can be retracted by a “small move” into the weak center, on which the continuity of / is
known. Only a finite number of Dirac measures will be “left”, and / also acts continuously
at this “part”.

Thus (PbX, rjbX) is a free semiconvex compactum over a compactum X, and Phis a re-
quired left adjoint to Uks.

Observe that, for the projection pr22: X x I x bohrR+— X x /, the mapping Ppr12:
P(X x I x bohrR+) —=P(X x 1) is affine and maps PbX onto PaX. If Y is strongly
semiconvex, then the used action ((...)) of bohr R+ on WCtr(Y) = Ctr(Y) is trivial, i.e
((9)) = ZLetr(y) for all 9 € bohr R+, hence a rapid glance at the formulae shows that j(m\) =
/(m2) whenever Ppr12(mx) = Ppr12(m2) € PaX. Therefore there is a unique / : PaX —Y
such that / oPpri12|pex = /. Taking into account Ppr12or/hX = noX, we obtain that
(PaX,naX) is a free strongly semiconvex compactum over a compactum X, and Pa is a left
adjoint functor to Uss. O

Now we have left adjoints WCtr to U™and Pbto Us and can combine them to obtain
a left adjoint to Uw : W«SConv —Comp. Recall that WCtr(PbX) = P(X x {0} x bohr R+) =
P(X x bohr R+), hence the latter space is an object of W\SConv.

Corollary 3.2. The functor P(—x bohrR+) : Comp — W<SConv is a left adjoint to
Uw : WiSConv —Comp, and a free object over a compactum X is of the form (P{X x
bohr R+) A WX), n™X : X —P(X x hohr R+) is defined by the equality nUX(x) ="*"(x)),
X €X.

Final remarks

Thus we have shown that spaces of normalized (weakly) atomized measures are free
(strongly) semiconvex compacta. We can consider an atomized measure either as a result of
concentration of some part of “mass” in atoms, or, conversely, as a limit of “totally atomized”
distributions of mass. In the latter case, even if some atoms “have dissolved”, there is a reason
to consider “origins” of parts of the “liquid mass”. This has been formalized in a more
complicated definition of atomized measure, which takes into account the compactness of
an underlying space.

Our constructions are functorial, but the respective functors arc not as “good” as the prob-
ability measure functor, in particular, they do not preserve the class of singletons and there-
fore do not belong to the introduced by Schepin class of normal functors.



The obtained adjunctions lead to monads and therefore to respective categories of al-
gebras. Nevertheless, these categories are not of much interest by themselves because by
results of [9) the considered forgetful functors are monadic.

It is also interesting whether there is a simple explicit procedure of “making a semiconvex
compactum stronger”, more constructive than building equalizers.
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HukundopumH O.P. Po3nopolueHi Mipu i HaniBonykni Komnaktu // Kapnatcbki MaTeMaTu4Hi
ny6nikauii. - 2010. - T.2, N@ - C. 83-100.

3anpoBapKeHO Knacc Po3nopoLUeHUX Mip Ha KOMMNaKTax, fKi € y3aralbHeHHSM perynsgpHux
JiicCHO3Ha4YHMX Mip. MoKa3aHO TakoX, L0 MPOCTip HOPMOBaHMX (Cnabko) Po3nopoLUeHUX Mip
Ha KOMMaKTi € BiNbHUM O06’€KTOM Hafj LMM KOMNakKTOM Yy KaTeropii (CWibHO) HaniBonykaux
KOMMaKTiB.

HukudopumnH O.P. PacnuneHHue Mepu 1 NoayBUnyknue kKomnaktu // Kapnatckve matema-
Tnyeckme nybamkaummn. —2010. — T.2, N@ — C. 83-100.

BBegeH Knacc pacrbifneHHbIX Mep Ha KoMMakKTax, 0606LWatolWmx perynspHoie gelicTBUTENb-
HO3HayHbie Mepbi. TakXXe MOoKa3aHo, YTO NMPOCTPAHCTBO HOPMMPOBaHHLIX (cnabo) pacnbineH-
HbiX Mep Ha KOMMNakTe ABfseTes CBO6OAHLIM OObEKTOM Haj 3TMM KOMMaKTOM B KaTeropuu
(cnnbHO) MONYBbLINYK/bIX KOMMNAKTOB.

KapnaTcbKi maTemaTuUuHi
ny6nikauii. T.2, N®

YOK 517.95 1511.42

Cabka i.4.

HENTOKANbHA 3AA0AYA 13 SANTEXXHVMW KOE®ILUIEHTAMN B
YMOBAX ONA PIBHAHHA APYTOro rnmorPAgKy 3A HACOBOIKO
SMIHHOKO

Caska I.41. HenokanbHa 3afjava i3 3aneXXHUMU KoedpiyieHTamMn B yMOBax N5 PiBHAHHA Apy-
roro NopsfKy 3a 4acoBow 3MiHHOW // KapnaTcbki mateMaTuuyHi ny6nikauii. — 2010. — T.2,
N®. — C. 101-110.

Y pekapToBOoMY [O6YTKY 4acoBOro Bifpi3ka Ta NPoCTOPOBOro 6araToBUMIpHOro Topa Jochi-
[PKEHO HefoKanbHY ABOTOYKOBY 3afauvy i3 3aNeXXHUMU KoeqdilieHTamu B ymoBax Ans 6e3tmn-
HOro AndiepeHLUianbHOro PiBHAHHSA i3 YaCTUHHUMW MOXiAHMMW APYroro MopsiaKy 3a 4acoBOH
3MiHHOIO, AIKi po3TalloBaHi Ha fesKili rnagkin Kpusiii. BcTaHOBNEHO YMOBM OAHO3HAYHOIT PO3-
B'AI3HOCTI 3agadi. [loBejleHO MeTPUYHY TeOPEMY MPO OLiHKY 3HU3Y Mannx 3HaMEHHUWKIB Ha rnag-
Kili KpUBIA.

Bctyn. OcHoBHI Mo3HaueHHn

HenokanbHi 3a4ayi 4019 PiBHAHb i3 YaCTUHHUMM NOXIHWMW, B 3arasibHOMY, € HEKOPEKTHU-
MK 332 Aflamapom, a iX po3B’A3HICTb MOB'A3aHa 3 NpobemMaMn Manux 3HaMEHHWKIB | € HECTIN-
KOO CTOCOBHO AK 3aBrofHO Manmx 3MiH KoedqpilieHTIB 3ajadvi Ta napameTpis obnacTi (4ms.
[4]). KopekTHa pO3B’A3HICTb TaKMX 3afay BCTaHOB/IEHA ANS Malke BCiX (CTOCOBHO Mipu
Neb6era) BekTOpiB, CKNafeHUX i3 KOEMILIEHTIB PIBHAHHA | HENOKasbHMX yMOB. [pu UbOoMy
BB)XXasi0Cb, LU0 KOeiLiEHTV 3afaYi He3afleXXHO 3MiHIOKTLCA B Harepes 3afaHiii 06nacTi.

[nd 3aneXHNX KoeqILIEHTIB Lji pe3y/ibTaTh He MOXHa BUKOPUCTaTK 6e3nocepesHbo, TOMY
y 3anponoHOBaHi po6OTi Ha OCHOBI METPUYHOrO MiAXO4y PO3P06MEHO HOBY METOAMKY [O-
CNIXEHHA HeNoKa/IbHOT ABOTOYKOBOI 3a4ayi 419 PIBHAHHA i3 YaCTUHHUMMK noxigHUMn (6e3
0OMeXeHb Ha TUM) APYroro MopsaLKy 3a 4acoBOKO 3MIHHOH t Yy BMMaAKY, KOMM KOeqpiLieHTH
HeNOKaMIbHUX YMOB € 3aneXHUMu. OCHOBHI pe3ynbTaTu poboTM aHOHCOBaHO B [3].

Hapgani BMkopucToByeMO Taki mo3HayveHHs: X € Rp, k € Zp, (k,x) = kK\xi + ... + kvxv,
k=(1+(kk)2s =(sj,....p)ezZl, W =8+..+spd =IJE, dx = dx\...dx,
ilp = (E/2nZ)p —p-BumipHuin Top, V =0, T] x O, T > 0.

2000 Mathematics Subject Classification: 35G15, 11K60.

KntouoBi cnosa i hpasun: gndpepeHuianbHi piBHAHHSA, HENOKanbHi 3agayvi, Mani 3HaMeHHWUKK, AiohaHTOBI Ha-
6NVXKEHHS, 3aneXKHi KoeilieHTn, rnagka KpmBa, MeTpMYHa OLiHKa.

(c) CaBka 1.4., 2010



Beegemo npoctopy doyHKuii: Ha = H9(QP), q € R, — npocTip Cobonesa 0TpMMaHmX
MOMOBHEHHAM MPOCTOPY TPUTOHOMETPUYHUX MHOrouneHis Y(x) = Z ipkexp(rk, X) 3a Hop-
K —

voto I -jo4i AKa NOPOLKYETHCA CKANAPHUM AOOYTKOM (’\,-O)H4 = kzﬂP r9 =
H~), geR, {n N} €Z+ —6anaxis npocTip doyHKLiA u = u(t, x), Takmx wo Vi € [0, T]
yHkuii d{u(t, -) Hanexartb npoctopy Hg-jN ansaj =0,1,...,0 Ta HenepepBHi Ha Bigpi3Ky
[0, T] y ybomMy npocTopi; HopMma B LLLr  BM3Ha4aeTbCA QOPMY/OHD

n

1l Mocrtanoeka sapgaui. Mo6ynoea popmManbHOro po3B’sa3Ky

B obnacti V 3MiHHUKX (t, X) pO3rnaHeMo 3ajady

L{dt,-rgxym = g2 + Ai(-idx)dtu + A2(-rgx)u =0, (1)
L\u=u\M=0- yi(Tyuri=T =y, L2u = dtu\t=0 - p2(r)oitivi=t = Y, 2)
ANv) =Q s\, Miji) = Z a”Vs, {ahs,a2is}eC,{Nu2N2}eZ +
lel<Ni % \<2N2
emHorouneHammn creneHis Nx i 2N2 signosigHo, {p,pu2} € C4(I- L), 1 ~ Bigpisok, r —

napameTp napametpusauii, x = Y1 (x) TaP2 = @2{Y) —3agaHi yHkyii, u —u(t,x) —
LLYKaHWI pO3B’A30K.

3segeHnii nopsgok N piBHAHHS (1) BU3HadvaeTbes cpopmynoro N = max{iVi, N2}. Yucno
N doirypye y npoctopax HY Ta B 03HauyeHHi po3B’'a3ky 3agaui (1), (2).

O3HauveHHs 1.1. Mg possaskom 3agavi (1), (2) posymiemo ¢pyHKyito n € HAI9, wo 3ag0-
BONbHAE yMOoBM Y (dt,dX)U\\HNy 2N =0, \\ow - AN JH = °>\iu ~ ~lin,.A, = °-

I3 03HayeHHs 1.1 Bunnmeae, Wo Y1 € HY, 2 € HI " € HeobXIAHOK YMOBOKO PO3B’A3HOCTI
3agayi (1), (2) y npocropi HM L.

BekTop-koediyieHTiB 4 = (M1(T),M2(T)) ; onwucye BIAPI3OK rnagkoi naockoi Kpusoi K i
napameTpu3yeTbCa Bigpi3kom I.

[na 4yaCTMHHMX BMNagkiB BekTopiB U = (UI(T),...,uNn(1)), n > 2, 3agaya tuny (1), (2)
Aocnigxkyeanacb y pobotax [1, 2, 4]. 3okpema, B MOHorpadii [4] BCTaHOB/IEHO KOPEKTHICTb
3afiayi 4na piBHAHHA N-ro Nopagky (3a t) 3 HeNOKabHUMM YMOBaMU BUTNALY

d\~lu\t=o - pi(r)dI~1u\t=T = yi, r=1,..., T, (3)

ANS Maiixe BCix BeKTOpiB (T,a) y BMnagky pi(t) =T, e T € C, a —BeKTOp, CKNageHUi i3
MEBHUX KOeqiLieHTIB AuhepeHLianbHOro PiBHAHHA, a B po6O0Ti [2] BCTAHOB/IEHO KOPEKTHICTb
3afiayi 4na aHi30TPOMHOroO (3a X) PIBHAHHA N-ro NOPAAKY 3a 3MIHHOKO t 3 ymoBamu (3) 4ns
Maixe BCiX BeKTOpiB (T, T) y BUnagky p*(t) = ge TER, {a*/3*} € C. P03B'A3HICTb

3afadi y Bunagky HesanexHux KoeqiuieHTiB yAt) =1, TTE€C, r=1,..., N, BCTAHOB/IEHO B
[1] ans maixe BCix BEKTOpiB “arctg .. arctg jfA, T, a'.

MeToto flaHOi pob0TU € BCTaHOB/IEHHA YMOB PO3B’A3HOCTI 3agadi (1), (2) y sMnagky fo-
BifIbHOI rnagkoi kpneoi K Ha nnowmHi R2. Tpu Ls0My BUKOPWUCTAHO METPUYHWIA MigXig i
cChopMy/IbOBaHO YMOBW PO3B’A3HOCTI 3afadi 4NA Maike BCiXx napameTpis T € /, T06TO AN
Malxe BCiX TOYOK rnagkoi Kpueoi K.

Po3B’a30K u 3agavi (1), (2) mae Burnag pagy

u(t,x) = uk(t)efIkx\ (4)

fcezP

ae uk(t) —paBiyi HenepepBHO AndepeHLiioBNi yHKLiT Ha [0, T], a Npasi YacTUHK QX Ta Y2
HefoKanbHNX YMOB (2) —pagis YXx) = I%ZP <P P2(% = kEzZP i 2k %8 Xm

I3 03HaueHHs (1.1) oTpumaeMo ANng KOXHOI 3 doyHKuUin uk(t), ae k € Zp, Taky 3agauyy:
L(d/dt, k)w = «{[(i) + AxK)u'k(t) + A2(k)uk(t) =0, (5)
Lxuk = uk(0) - px(n)nui(T) =¢~, L2uk = uk(0) - p2(0)iinvr) = y2» (6)
PO3rnsHEMO XapaKTepPUCTUYHUIA MHOTOUEH
L(A k) =X2+ Ai(k)\ + A0(K) = (A- Alfc) (A- AX )
AN audpepeHyianbHOro piBHAHHA (5). Akwo D(K) —AMCKpUMIHAHT MHOrouneHa L(A k), To
D[K) —[Ni(A)] —4A0(k.) | AN —=-2-tly 2% 0 o — " e T
3rigHo 3 [6] 4na KopeHiB AXCi \2 cnpasBed/IMBUMUN € OLHKM
|JAU] < CxXkN, |&ke]<CikN, Ci =Ci(ajs). (8)

Ana nobygosn po3s’a3ky piBHAHHA (5) BBegemMo MHOXMHM Ki = {A € 'BP . D(k) = 0},
K2 = ZpVCx Akwo k € /Ci, To A, —XX i 3aranbHuiA po3s’a3ok 3agadi (5), (6) BU3Ha4a€eTbCH
thopmynoto

Ufc(i) = (clfc + C2kt)eXIkt,

e KOeilieHTN Ci*;, ¢2K 3a0BO/IbHAKTL CUCTEMY NiHIMHUX anrebpnuyHmX PiBHAHbL

(i - pi(r)eAfcT)cifc - pi(1) TeXKex = ¢4
Aifc(l - p2(t)eXKT)exk+ (i - p2(t)eXKT(\ + AifcT))cZe = ip2k,

BU3HAYHNK AK(T) AKOT 3aa€TbCA PIBHICTIO
AK(T) = (1 - pif{meXiKT) (1 - p2(t)eXKT) + T(ux(t) - p2(1))Xike XKT.
Akwo X K € I, To po3s’a3ok 3agaui (5), (6) BU3HAYAETLCA (DOPMY/IOHD

uk(t) = cike XK + ¢ 2 XL,



BW3HaUHWK L€l CUCTEMU MaEe BUTNAL
Afc(r) =Pi(r)(Alfee AT - A2feAIRCT) + P2(T)(\1ke XKT - A2ke XXT)
+ (A2K- Ai*)(i + Pi(r)/i2(r)e (Alfc+A2fc)r). (9)
OuesungHo, wpo 3agaya (5), (6) Mae eaMHMIA PO3B’A30K NLLE AN1A TUX T, LLIO € PO3B’A3KaMu
HepiBHoCTI |Afc(r)] > 0.

Teopema 1. Posewsok 3afavi (1), (2) y npocTopi H%ReaMHNA gna TUX i nuwe gns TUX T,
AKi 3a0BO/IbHAITb YMOBY

|8*(D1>0,  {Wke Zp). (10)
3ayBaXMmMo, L0 liéﬂblA"T)l >0 € 40CTaTHLOK YMOBOK EANHOCTI PO3B’A3KY 3aaaui (1), (2).
Hexali T3agoBonbHse ymoBy (10), Togi icHye po3B’a30k uk{t) 3agaui (5), (6) 419 KOXHOro

K €'Ep i BU3Ha4aeTbCA popmynamm

(X* Neo{T)eXiKT(1 + AIfcT))eAfd - AIf(l - p2(1)eXKT)te Xkt
My = NS Pik
texikt + (T —i)pi(T) XK+ b
~ek,

ke,

Afc('r)

okeXK - Ye X + p2(1) (ke X KFRK - Xke XKHXKT)

W) r-r(-[\’ -------------------------------- W™
M —gAfd | A PAIfGHAXRCT _ gAR T+ (12)
Afc(r) 9%k kexz

Takum YMHOM, OJepPXYeEMO (hopmasibHe 300paxeHHs PO3B’A3KY u(t, X) 3agadvi y BUrnagi
pagy (4), ge doyHkuUii uk(t) BusHavaroTbCa dhopmynamm (11), (12).

2 OL||iHKV| ANna PYHKLIT Uk(t) Ta T NnoxigHUX

ANns [OBefeHHA HaNeXHOCTI PO3B’A3KY U A0 MPOCTOPY Hara LOCTATHLO OLHWUTK 3BEPXY
pyHkuii uk(t), uk(t) Ta uk(t).
3anpoBagmMmo hyHKUit0 DY 4iicHOT 3MIHHOT T, T € /, 3a (hOpMy/IoH0
" Afc(r), KeEK b
®*(1) == AMI) (13)
Akwo K €Ki, 10 i3 (8) Ta (11) OTPUMAEMO OLLIHKY
< C2max{l, e2ReAlfcT}
I/
pe C2= (2rax{] |/ii]|c(/), W2\ ()} + 1)(3 + CiT)"2.
Akwo k € A2, 1o gna j = 0,1, 2 MaEMO PIBHICTb

(KNSR + \q2 i | =0,1,2, (14)

Wu)(t] _ f ( )dj+Irk(tO on
* {1 v &0 w2 T 8EOPE=T) D*(7) 15)
(djrk(t,§) i Njrk(t,) (

f=o - 'te(r)- 1 1 - C=r/ ®*(1)

3afava i3 3afeXHUMUM KoediyieHTaMmM B ymoBax

QATGHARE  gAfeEHR

< + .

[loBefeHHA. Po3rngHemo cnoyaTky Bunagok, ko Aj,A2 € R. He obmexyroun 3aranbHOCTI,
BBaXXaeMO, WO A= A(—A2 > 0. Akwo 0 < A< 1, 10 i3 HepiBHOCTI 1 <ex < (e —1D)A +1
BUM/INBAE HEPIBHICTb ~-j- < < A LLO piBHOCK/IbHA HEPIBHOCTI

eA —e/x
A —A2

Ao ) A> 1, TO 04eBUAHO, LU0 HePIBHICTb (17) BMKOHYETHLCA.
Y sunagky Ay, A2 € C 3anuemMo KBagpaT NiBOT YaCTUHW HepiBHOCTI (16) y Burnagi

<eX+eMl AGAeRr, A~ A (17)

N p\2 7eReAl _ gReA2 | "gReAigReA2sin21T (A1 A2)/2
Al —A2 Re2(Aj —A2) + I T2(Ai —A2)
Togi i3 HepisHocTel (17) Ta [sini|< [ij oTpumaemo Taki HepiBHOCTI:
oA —eo N NOReA_gRRANN "ReAIgReA2 X1
< <
A —A2 ReA(—Re M Im2

(eReAl + eReA2)2 + gReEAleReA2 < 4(eReAl + eReA2)2, ReAi ® ReA2, ImAi ® ImA2,

O _ o2 (RA R

< (eReAl +eReA?)2, Re Ax ® ReA2, ImAiI = ImAz2
AX—A2 Re A —Re A2

Py  gA2 A pReAlpReA2 TWA AL_A2
A—r Im2 -— < (eReAl + eReA?) ,ReAi = ReA2, ImAi="ImA2,

I3 OTpMMaHMX HepiBHOCTEN BUMNIMBAE HepiBHICTL (16). JleMy AoBeAeHO. [

Nema 2.2. Hexalt hk(t?) = e RXMHRXMN + e ReXIN HReX2K, (i,8) € [0,T]2, Togi ana dyHKUii
rk(t, §) BUKOHYITbHCA OLiHKN

djrk(t,C)
v

dj+1rk(t,0

siap | <C, N NAKLY, =012, (9

< C 3KNhK(t,5),

ne C3=2(TC\ + I)(Ci + 1)2.

[oseseHHa. 3 nemun 2.1 sunameae, wo | (i,8)] < 2Thk(t”). Togi Ha ocHOBI hopmyn

§) + j =0.1,2,
oP Mk — A2k



drk(t>0 Vv o) i) i rAltE+A t< ANt+Vofe (0,0 . . dj VvV fc(i,0

ae 8¢OP

i3 HepiBHOCTEN (8) OTPUMAEMO OLLiHKM

d-\/\él?it.Z) < (2TC* + 0, 3=01,23 drkt.£) < (2TC1+ )kNnk(t™),
d’?;:g O < (2TCi +] - 10kUNKIA), | =123,
3 AKUX BUNMBAKOTL HepiBHOCTI (18). Jlemy goBefeHo. O

3 chopmynm (15) i nemn 2.2 npu K € A2 BUNANBAKOTL OLLIHKM

k<N K ()] < C4— (AWl +W), J1=0,12 (19)

fe C4 = Catax{1, ||ICY), IM|c(/)}
®yHkuii IPg(t) Iy HepiBHocTax (14) i (19), AKi € BigMIHHUMM Bif Hyna Ans BCiX Kk € 1P
(3a NpuNyLLEHHAM), MOXYTb HabyBaTL AK 3aBrOAHO Ma/IMX 3HaYeHb MPY K —>00, TOMY BOHU
BMMBAOTb Ha 30DKHICTb ALy, AKMIA BU3Ha4Yae HOPMY po3B’a3Ky 3agadi (1), (2) y npocTopi
. OTXe, iCHyBaHHA PO3B’A3KY 3afadi NoB’a3aHe 3 NPO6IEMOK0 ManMX 3HaMeHHMKIB. Ans
BMPIiLLEHHA Liei Npo6ieMy 3aCTOCOBYETLCA METPUYHMIA MiAXid, AKWIA [0O3BONSE BCTAHOBUTU
TaKi OLHKN 3HW3Y ANA Mannx 3HaMeHHWKIB:

|P*0)| > £-*max{l,e2ReAl*r }, Kk € Kn |P*(N)] > k~*(hk(t, 0) + hk(t, T)), k€A

ae d - peske AificHe ymcno. Lii OUiHKM BUKOHYKOTBLCA 415 MaiKe BCiX (CTOCOBHO Mipw Jlebera
B M) napameTpis Ti3 1

3 OuyiHka 3HM3y ManmMx 3HaMeHHWUKIB 3apgaudi

[ns BCTaHOB/IEHHA TaKUX OLIHOK BUKOPUCTAHO AOMOMDKHI Teopemn (Teopemun 2, 3) npo
OLIHKN Mip BMHATKOBUX MHOXMH.

Teopema 2. Hexait pyHkuis / € Gin+ I\ C) ¢ Takotw, wo min wax |/AT)] > 9 > 0. Togi

TEl 0<j<n
Ana gosineHoro € € (0, 5/2) BUKOHYETbCA OLiHKA

measR{r €1 : |/(N] <¢} <4(\/2 +1) measMI + 1" /¢€[),

ae M= max  [|/)) 1)

Teopema 3. Hexait gyHKyia F Mae Burnag
F(t,2) = \N(D)Q + 72(0)2+ ... + fm(T)zm, TE€I, z= (zi,..., Zm) € cm\ {0},

ge fi €Cm(/;E), i —1, ,m, | —Bigpi3ok npamMoi R, z - pikcoBaHW# BEKTOPHWIA Napa-
MeTp. Akwo BpoHckiaH W[F](r) cucTemu dyukyiin {/i,..., fm} BigMiHHnii Big Hyna Ha I,
T06T0 Min |W[/](t)] > 0, 10 414 foBinbHOro € € (0, *~) BUKOHYETbCA OLIHKA

T(=T

measrc{re /: \F{t,2] < ¢} < C5-yi/N, (20)

Je
C5=4(\/2 +i) (T2measRI/ry + 1)(rn —L)rnx 1), A= A\t ... + g,

M= mx{f) = mm\W[f]{)\(m*2 O [|/AC—¥) , m2= max 1ax | ld/),
i=1j=\ jjzi

LosegeHnd. Mpu dpikcoBaHOMY z 3acTocyeMo A0 byHKUii F(t, -) Teopemy 2. TokKaxemo,

wo 5 —mi\z2\. 4ns 4bOro po3rfiiHEMO CUCTEMY NiHINHUX anre6puyHKX PiBHAHL CTOCOBHO

BEKTOpa Z

/i(7) /2(r) /1) 'z F{t, 2)
i ( F'{t, -
/i(O r2(1) /7(I) 22 {t, =) 1)
(o) LE-DH(T) _ /E-0(D)] 4 p(m-1)(r,2)

BusHauHukoM LUjiei cuctemn € BpoHckiaH W[f](r), sKWiA 3a yMOBOKO TEOPEMM He MepeTBo-
PIOETLCA B HYMb B XKOAHIA Touui Bigpiska |. Tomy AaHa cucTeMa CymicHa Ta Mae €AVHWI
PO3B’A30K, AKMI 3HAXOAMUTLCA 3a hopmynamu Kpamepa

WIlA\F](t) .
WL(T) * ' LLf

ne Wi[f, F](t) —BpoHckiaH cuctemun doyHkuin {.4,..., /* i, F, fi+x. ..., /m}, iHwmmKn cnosa-
vu, Wi[f, F](t) —ue BM3HAYHWK, OTPMMaHWIA i3 BpoHCKiaHa W[/](r) wnsxom 3amiHu 1oro
r-ro crosnug col(/j, /',..., f-m1”) Ha cToBneupb NpaBoi YacTMHM cuctemmn (21).

B3sBLwM Moayni 06MABOX YaCTMH LX PIBHOCTEM Ta MpoCymyBaBLIM iX nmoi = 1,..., m,
OJ€EPXMMO TOTOXHICTb

1
= N- ZANT/ ML (22)

mtm
Ha nigcrasi HepiBHOCTI Afamapa gns matpuuyi A = [oMN=. ge o~ € C, oTprUMaemo

m m
HepiBHicTb Idet Al < ,I‘Il_Zl 3 aK01 BUN/IMBAE OLIHKA
|=11=

771—1 7

H[/,il(t)]<~H>(1,2:)] 0  HIICI—Y(n-
=0 J=1Idhi



Topgi i3 TOTOXHOCTI (22) OTPUMAEMO HEPIBHICTb

T m _i
oTax_iI\Fb\r, 2\ > TinWA/](r)] (T £ INkc(T-1)) \Q\=nA\=6.
*=1 )=

OckKinbkn oyHKUiA F(t,:) 3a8A0BOJIbHAE TeOpeMy 2 i3 3HaYeHHAMU 3 = m,i\z\

M = M) = \r(n]_%n HFG) G, Dle?) < m2]z, MZi <m2/mx,

TO A4/14 (PIKCOBAHOro napameTpa z 1a Ye € "0, OTPUMYEMO LLUYKaHY OUiHKY (20). O

Teopema 4. Hexalt py,u2 € C4(l), i Hexail BpoHcKiaH cucTeMu QyHKYiin {1, pxu2, pt, u2}
BiAMIHHMA Bif Hyns Ha Bigpisky I, To6T0 (VT € 1) W[I, pyp2,ux, (1) ¢ 0. Togi ans
Maiike BCiX (cTOCOBHO Mipu Jlebera B npocTopi L T i3 Bigpiska I, To6To 48 malxe BeixX
(cTOCOBHO iHAYKOBAHOT Mipu J1ebera HaK) T040oK KpuBOT K HEpPIBHICTb

~C I | + e 2ReAIfcT {-cl.
{1+eke(A ) 1T+ |err+eAr] kEK?2 (23)

BUKOHYETbCA N4 BCIX (KPIM CKIHYeHHOro yucna) sekTopis kK €11 npu & > 3p.

[osefeHHa. BsegemMo MHOXMHM Bk = {1 €| : |®*I)] < ¢k}, K € 17, B — MHOXWNHa TUX
TOUOK T € |, ANnd AKUX CnpaBLXYyeTbCA OuiHKa |P%(T)| < ek ansa 6e3nivi K € Zp, fe

TX-& / 1+ e2ReAfCT, K € /G,

3 X 1 | + eRe(Alfc+A2fc)T + [AlfcT + eA2cT|)

Ti = mix(1,uxp2,ux42).

®yHKUi0 PT), AKa BU3HAYaEeTLCA chopmynoto (13), nepenuniiemo y BUTNAL
A(T) = 1+ px(r)p2(r)e (Afc+A2fic)T +
Pi(r)e ArT (TA Ifc = 1) - UZ(T)BX*T(T\)«'F 1), K €/

A8 Aig)=(Q1)  Ne\t) 1i,0)=(Qt)’ € A2
DyHKUig DN (T), 9K yHKuig F(r, {), 3a0BONbHAE yMOBU Teopemn 3, ge m =4, /i(r) = 1,
12(1) = p(t)p2(r), 73(r) = pi(t), 74(r) = p2{n),

/ (L e )T (TAI- 1)e AT —TXox + e AfCT) , A€ /G,
(zi,22,23,24) - - (Alfc+A2fC)T firfe(t,g)| dr,(t,i) I, r

VR ©o9 IGE)D=(0T)y 58 ILC)=(0n/ AR

OCKifIbKM BUKOHYHOTHCA HEPIBHOCTI

mifc--5 { 1+ e2ReANT + eRART(TAIE- 1] + |[TA* + 1]), K €ICX

TO NPU KOXKHOMY K € Z? BUNANBAKOTb OLIHKK ANA MIpU MHOXXUHU BK
measRBK < C5k~6/3.

OcKinbkn pag = measMBK npu & > 3p MaXkopyeTbes 36ikHUM pagom C5 3 k~6/3 , mo
kezZP KEZr
3 nemun bopens-KaHTenni Bunnuneae, wwo mipa Sle6era MHOXWUHN TOYOK i3 |, WO noTpannsoTh

Yy HECKIHYEHHY KiNbKiCTb MHOXWH BK, JOpiBHIOE HYNtO, TO6TO measR B = 0. Togi ans maiixe
BCiX (CTOCcOBHO Mipu Jlebera B R) umcen T i3 Bigpi3ka | HepiBHiCTb (23) BMKOHYETLCA ANA
BCiX (KpiM CKIHYEHHOro yucna) BeKTOpiB K npu & > 3p. O

4  ICHYBAHHA PO3B’A3KY zapaui

13 chopmynu (13) Ta ouiHkm (23) Bunaueae, Wo ymosa (10) BUKOHYETbCA ANA Mali>Xe BCiX
Ti3 |, To6TO Ans Mmaiixe BCix TOUOK KpuBoi K.

Teopema 5. Hexait QpyHKLiT Yx Ta 2 3a40BoNbHATL YM0BN Teopemun 4. Togi, akwo Y\ €
HoHNHs | W2 € HOHG, e & > 3p, TOANA Maibke BCixX (CTO0COBHO Mipu J1ebera B R) uncen 7 i3
Bigpiska | icHye po3s'a3ok u 3agayvi (1), (2) i3 npocTopy HA/ aknit 306paXkaeThes pAjOM
(4)i HenepepBHO 3aNeXUTb Bif QYHKUIA PYX, Y2

[loBejeHHA. B ymoBax Teopemu icHye KoHcTaHTa KT > 0, 3anexHa Big T € |, Taka wo ans

Malixke BCiX T € | BUKOHYETbCA HepiBHicTb (23) npu k > KT, npuuomy min  |P*(1)] > 0.
TEI~K<KT

Togi i3 HepiBHOCTel (14), (19) Ta HepiBHOCTI
hk{t, 0) + hk{t, T) <4 (1 + eRe(AferA2f0)r + |eAfcT + eAXCT])

OTPUMAEMO OLIHKMN

k-2PA{ ) <C (KR2RMNIKRRHR\AR), | =012 ()
e @=2mae | 4G/ Qm {Jljg;(rfT}CA- mex {‘<W,ﬁ}}

rei, k<KT TEIIE[0, T} K<KT
Togi i3 chopmynu gns Hopmu B npoctopi Hjv) Ta HepiBHOCTER (24) OTPUMYEMO OLLIHKY
Ana kBagpata Hopmu po3B’asky M| < 3Ce(\NIN\\BGHNY) + \W2\HHs), LD i Tpeba 6yno
LOBecCTN. M

JocnimpkeHHa nigtpumandi AP D/ YkpaiHn (npoekt Ne28.1/010, npoekT Ne29.1/005).
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IHCTUTYT NpuKnagHux npobnem mexaHiku i matematukm im. A.C. Migctpuraya,

NbBiB, YKpaiHa MPOAOBXEHHA WACTKOBUX POSMNTUX METPUK

Haginwno 17.11.2010

CaB4eHKo O. NMpoAoBXEHHS YaCTKOBUX PO3MUTUX MeTpUK // KapnatcbKi matematnyHi ny6-

Savka l.Ya. Nonlocal problem with dependent coefficients in conditions for the second-order nikayir. - 2010. - T.2, N2 - C. 111-115.

equation in time variable, Carpathian Mathematical Publications, 2, 2 (2010), 101-110. JloBefieHO, L0 iCHYE HenepepBHUIA 0MepaTop NPOAOBXEHHS CTaliOHAPHMX YacTKOBUX PO3MMU-
In the Cartesian product of a time segment and a spatial multidimensional torus, we inves- TUX MeTPuK. OCHOBHWIA pe3ynbTaT € aHanorom Teopemu E. TumuyatuHa i M. 3apidHoro Ans

tigate nonlocal two-point problem with dependent coefficients on a smooth curve in conditions PO3MUTUX METPUK.

for typeless partial differential equation of the second order in time variable. Conditions for the
one-valued solvability of the problem are established. Metric theorem on lower bound of small
denominators on smooth curve are proved.

CaBka W.4. HenokanbHas 3ajaya ¢ 3aBUCUMUMU KO3(hpMLMEHTAMU B YCNOBUSAX AN YPaBHEHUSA Bcryn

BTOPOro nopsigka rno BPpeMeHHOW nepeMeHHo // KapnaTtckue maTtemaTMuyeckme ny6namkaumm, —

2010. - T.2, N2 - C. 101-110. Teopii NPOOBXeHHS HenepepBHUX (OYHKLINA | HENEPEPBHUX METPUK MEBHMIN Yac PO3BYMBa-
B obnactu, asnatoLleiica [eKapToBbiM MPOM3BEJEHEM YAcOBOI0 OTPe3Ka W MPOoCTPaHCTBe- Nnca napaneNibHo. AHaIorOM OfHOrO 3 OCTaHHIX pe3ynbTaTiB AN HernepepBHUX (OYHKLINA -

HHOro MHOroMepHoOro Topa, unccnegoBaHa HenokKalbHaa AByXTo4dYeyHada 3ajada C 3aBUCHMbIMK TeopeMI/I npo iCHyBaHHFl ﬂiHiVlHVlX OrlepaTOpiB rlpO,EI,OB)KeHHFI (*)yHKU'lVl 3i 3MiHHO|‘O O6f|aCT|'0

Ko3(hpmumeHTamMm B yCNoBUSIX Ans 6e3TUMHOr0 AndepeHUNanbHOro ypaBHEHUS! B YaCTHbIX

. » y ’ : BM3HAYeHHs [4] —e aHanoriyHa Teopema AN HerepepsHUX MeTpuk [9].
NMPOn3BOAHLIX BTOPOro nopsaaka no BpeMeHHOW MnepemMeHHOM nepemMeHHOW, KOTOpble pacrnoso-

>KeHbi Ha HEKOTOPOI rnafKol KPWBOW. YCTaHOBAEHbi YCNOBWS OJHO3HAYHOW pPa3peLIMMOCcTu HenasHO aBTOp OfiepXas aHanory fesknx pesynbTaTiB Npo NMPOAOBXEHHS 41 PO3MUTUX
3afaun. [lokasaHo MeTPUYECKYIO TeopeMy 06 OLEHKE CHU3Y Masbix 3HameHaTeneid Ha rnajkoi MeTpuK [7]. Haragaemo, L0 NMOHATTA PO3MUTOrO MeTpMyHOro npoctopy (fuzzy metric space)
KPUBOW. TICHO NOB’A3aHe 3 MOHATTAM MNMOBIPHICHOTO METPUYHOrO NPOCTopy [8], fKe, B CBOKO Yepry,

€ y3araJibHeHHAM MOHATTA METPUYHOrO MPOCTOPY. Y MMOBIPHICHMX METPUYHMX MPOCTOpax
3HAYEHHA BIACTaHI € He YMcnamMu, K y BUMaaKy METPUYHMX NPOCTOPIB, a (PYHKLIAMM PO3-
noginy. ICHye Kinbka BepcCiii MOHATTA PO3MUTOIO METPUYHOIO MPOCTOPY, OAHIEHD 3 HaNOLLK-
PeHiLLMX € Bepcia 3anpornoHoBaHa B [2].

IHTEpec 40 PO3MUTUX METPUYHWMX MPOCTOPIB BUKAMKAHWUIA He NnLE iX PiSHOMaHITHUMK
3aCTOCYBaHHAMM, aie TaKOX | TUM (DaKTOM, LLO CTPYKTYpa pO3MUTOrO METPUYHOIO NPOCTOPY
GaraTwla, HiX CTPYKTypa MeTpuyHoro npoctopy. Lle moxe GyTW npointocTpoBaHO Xo4a 6
TUM (PaKTOM, LLO iCHYE MOHATTA MOBHOrO PO3MUTOrO MPOCTOPY, Ta, Ha BiAMiHY Bif BUMNaAKY
METPUYHMX NPOCTOPIB, ICHYHOTb AK MOMOBHIOBAHI, TaK i HEMOMOBHKOBAHI PO3MUTI METPUYHI
npocTopun. Teopis PO3MUTUX METPUUYHWUX MPOCTOPIB PO3BUBAETLCA Y PI3HUX Hanpamkax, i
3apa3 po3MUTUM METPUUYHUM NPOCTOPaM MPUCBAYEHO bGarato fiitepaTypu. 3araibHOK Mpob-
NIEMOKO € 3HaXOMKEHHS 3MICTOBHMX aHa/oriB pe3y/ibTaTiB METPUYHOI reOMeTpii Ta Tonosnorii
METPUYHMX MPOCTOPIB Y Teopii pO3IMUTUX METPUYHUX NPOCTOPIB.

2000 Mathematics Subject Classification: 18B30, 54B30.
KntoyoBi cnoBa i thpasu: posmMmnTa MeTpuKa, MeTpuka NMpoxoposa, onepaTrop MpogOBXEHHS.

(c) CaBuyeHko O., 2010



Y Uil cTatTi MM pO3rnsjaEMo 3afayvy OAHOYAaCHOro MPOAOBXKEHHA PO3MUTUX METPUK.
OCHOBHWIA pe3ynbTaT € aHa/IoroM TeopeMy TumyaTUHa i 3apivyHoro 3i cTatTi [9).

1 PO3MUTI meTpukmn

Haragaemo, Lo HernepepBHOLO i-HOPMOKO Ha3nBatOTb BiHapHy onepaujto *: [0,1] x [0,1] —m
[0, 1], WO 3a710BONbHAE YMOBU:

(i) * —acouiaTMBHa | KOMYTaTMBHA,;
(ii) * —HenepepsHa;
(iif) a* 1 =a pna koxHoro a € [0,1];
(iv) a*b<c*d aKwo a<cib<d geabc d€]01]

KOpoTKO Kaxyuu, HenepepsHa i-HopMa —LC 6iHapHa onepauis *: [0,1] x [0,1] —[0,1], Taka
wo tpinka ([0, 1], <, *) € BNOPAAKOBaHUM abeneBrM TOMOMNOTYHMM MOHOIZOM 3 OAUHULELD 1.
Mpwuknagamm i-Hopm € oyHKLii a*b = ab, a*b = min{a, b}, a*b = max{a+b—1,0}, a,b €
[0,1] (ocTaHHSs i-HOpMa Ha3MBaeTbCA t-HOPMOKD JlyKaceBmuYa).

O3HaueHHs 1.1. ([2]). PO3MUTMM METPUYHUM NPOCTOPOM Ha3MBaKThb YyNOPAAKOBAHY TPIlKY
(X, M, *), Taky o X —HENOPOXHA MHOXMHA, * —HenepepBHa t-Hopma i M —po3mMuTa
MHOXMWHa Ha X X X X (0,+0cC), 1o 3a40B0/IbHAE YMOBK

(i) M(xy, ) >0;
(i) M(x,y, /) =1 Togi i nnwe Togi, KoM X =;
(i) M(x,y, t) = M(y, x t);
(iv) M(X,y,t) *M(y. z,5) < M(X z,t +53),
(v) dyHkuia M(x.y, —: (0,+00) — (0, 1] —HenepepBHa
ANna BCiX Xy, ZE X, s, t >0.

®yHKUit0 M Ha3nBalOTb POIMUTO MeTPUKOW Ha X (CTOCOBHO X). Hexah X € X, r €
(0,1) it > 0. MHOXuHa B(x,r,t) = {y € X \B(X,y,t) > k—r}Ha3uBaeTbCad  KYy/ew
pagiyca r 3 LUEHTPOM Yy Touui X, wo Bignosigae t. MHOXMHA BCIXKy/lb CNYXWUTb 6a30t0
Ans (MetTpu3oBHoi) Tonosorii Ha X (gue. [2]). Hagani y po3MMTOMY METPUYHOMY NPOCTOPI
Oynemo posrnagatu nuwe uro tononorito. Ang koxHoro A C X, r € (0,1), t € (0, 00)
npuiimemo Ar'i = U{B(x, r, t) Ix € A} C X.

Akwo dyHkuia M(x,y, —: (0, -foo) — (0,1] — cTana gna KOXHUX »xy € X, TO Taky
PO3MUTY METPUKY HA3MBAKOTHL CTaLiOHAPHOK PO3MUTOK METPUKOW Ha X.Y UbOMY BMMAL-
Ky nuwytb M(X,y) 3amicTs M(X,y,t), B(x,r) 3amicts B(X,r,t) Ta Ar 3amictb Ar,i.

2 MpocTip YyacTKOBUX PO3IMUTUX METPUK

Hexaih X —MeTpr30BHUIA NpocTip. Yepes SFM. no3Ha4yaeMO MHOXMHY BCiX pPO3MUTUX
METPUK, 03HAUYEHMX Ha HEMOPOXHIX KOMNAKTHUX MIAMHOXUHAX MHOXWHM X . TOI (haKT, Lo
cTauioHapHa po3MuTa MeTpuka M 03HaveHa Ha MHOXWHI A, 3anucyemo Tak: A = dom(M)
abo M ESFM(A).

Haragaemo, WO rinepnpocTip eXpyY MeTPM30BHOrO NpPocTopy Y — LC MHOXWHA HCMo-
POXHUX KOMMAKTHUX MIAMHOXWH B Y ; AKLLLO TOMNOJONiA B 'Y NMOPOAXKYETLCA METPUKOHO d, TO
Tonosnorisa B exp Y nopoaxyeTscs MeTpukoro aycgopdpa dn'-

dH{A B) =inf{r >0\ ACBT B C Ar)

(TyT yepe3 Cr No3Ha4eHo r-okKin MHOXMHK C).
OnepaTopom MPOAOBXEHHA YaCTKOBUX PO3MUTUX METPUK Ha3MBaKOTb BifOOPaXEHHS

e (J SIM(A) >S7TM

Neexp X

Take, LU0 BUKOHAaHO YMOBY
e(M)](dom(M) x dom(M) x (0, 00)) = M

Ansa KoxHoro M €SFM.

Ha MHOXWHI SFM MOXHa 03HauMTV TOMONOrit0, IHAYKOBAHY OTOTOXHEHHAM KOXHOI
po3MuTOi MeTpukn M 3 i rpacpikom 'm = {(X,y, M(X,y)) \(X,y) € X x X), fKuiA, y CBOIO
yepry, € efieMeHTOM rinepnpoctopy exp(X XX X0, 1]).

Uepe3z P{X) no3HauMmo MpocTip MMOBIPHICHUX Mip Ha KOMMakTHOMY npocTtopi X. Y
CTatTi [6] pO3rNAHYTO PO3MUTUIA aHaNor MeTpuKM MpoxopoBa Ha KOMMaKTHOMY PO3MUTOMY
npoctopi (X, M, *), ae yepe3 * nosHayeHo f-Hopmy JlykaceBmua.

®dyHKyia M: P(X) x P{X) x (0,00) -* [0, 1] Bu3Ha4aeTbcq doopmynoro

M(u, i/t) =1 - inf{r € (0,1) 1p{A) < n(AT) +r1 i W{A) < u(ATD +r

ANA KOXHOI 60peniscbkoi MHOXMHM A C X }.

Jlerko 6aumTy, WO 419 KOXHOT CTalioHapHOi pO3MUTOT METPUKM M po3muTa MeTpuka M
TEX € CTalioHapHOH.

Teopema 1. Hexail X —KOMNaKTHWA MeTPU30BHMUIA NpocTip. Togi iCHYe HenepepBHUIA one-
paTop NPOAOBXEHHA YAaCTKOBUX POIMUTUX METPUK € :

LoseseHHa. PosrnaHemo nignpoctip Y = {(A 1) € exp(X) x P(X) | A D supp(//)} C
exp(X) xP(X) iHexali /: Y —exp X —3BY)X€HHS MPOEKTYBaHHA Ha NepLUMii CNIBMHOXHUK.
BigobpaxeHHs / Mae onykni npoobpasu, i 3 3aranbHUX pe3ynbTaTiB Teopii PYHKTOPIB y Ka-
Teropii KOMNakTiB BUNAMBaAE, WO / BigkpuTe. 3 Teopemn Maikna npo cenekuito [5] sunau-



Ba€, LU0 Bifjo6paxeHHs / M’sKe, TOGTO BOMO/IE BMACTMBICTIO NMPOJOBXEHHA MapaMeTpun3oBa-
HUX YaCTKOBMX ceniekuiil [1]. 3okpema, BigobpaxeHHs @: Z —Y, ge Z = {(AX) |[x EA] C
expX x X, Bu3HaveHe dpopmynoro Y(A, X) = (A 5X), mae npogosxeHHs ®: expX x X Y
Take, WO /® =pr.: expX x X —expX (Mpoekuis Ha nepLly KoopanHaty).

BusHaummo Terep onepatop ¢! dpopmynoro

e'(M)(x,y) = M (P(clc)in(M), x), ®(clow(M),«)),

ne M e XyeX'
B3arani kaxyuu, e'(M) Moxe 6yTV CTaLiOHapHOK PO3MUTOKD MCEBAOMETPUKOKD Ha X,

TO6TO piBHICTb ¢'(M)(X, y) = 1He rapaHTye, WO X =Y. MipKyrouu, 9K i B JOBefJleHHI OCHOBHO-
ro pesynbTaty 3 CTaTTi [9], MOXEMO 3HAWTK 31i4eHHY CiM’0 BifobpaxeHb {P exp X X X -»
Y |i € N} taky, wo ang koxHux M € LUeexpX SFM.{A) i KOXHUX X,y € X iCHye Take
i €N, wo M(®i(cloT(M), x), P*(Goni(M),y)) < 1. Tenep BU3HAYMMO

3i CcKa3aHOro BULLE, a TAKOX Pe3ynbTaTiB CTaTTi [7] MPO PO3MUTI METPUKM Ha 31IYEHHUX
CTereHAX BUMIMBAE, LD e —OmnepaTtop MPOAOBXKEHHS YaCTKOBUX PO3MUTUX METPUK.
MepeBipka HenepepBHOCTI OAepXKaHOro onepartopa BiAbyBaeTbCA aHaNOrNYHO, AK 1Yy CTaTTI
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AHanoriyHy 3agavy MOXHa CqIOPMy/toBaTK | AN HECTaLiOHapPHMX PO3MUTUX METPUK.
OCHOBHa TPYAHICTb, AKa NpY LbOMY BUHWKAE, MONArae B TOMY, LLO 06/1aCTi BU3HAYEHHS TaknX
METPMK ByayTb HEKOMMAKTHUMW. BignoBigHMIA pe3ynbTaT NpPO NPOAOBXKEHHS HenepepBHMX
(pyHKUIA 3 HEKOMNAKTHUMK 06NACTAMIN BU3HAYEHHS OTPUMaHO B [3].
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COBKOBUM Pl, Kasmepuyk Al

PO3B'A3HICTb BATATOTOYKOBUX KPAMOBUX 3AAAY 3
MAPAMETPOM O/ CNCTEMAN ONPEPEHUIANTBHNX PIBHAHDb

CobkoBuy P.1., Kasmepuyk A.l. P03B’A3HiICTb 6araToTOYKOBMX KpalioBMX 3ajad 3 napameT-
poM Ana cuctemMun audepeHyianbHMX piBHAHbL // KapnaTtcbki maTemaTuuHi ny6nikauii. —2010.
- T.2, WM. - C. 116-122.

Po3rnsaHyTo 6araToTOYKOBI KpanoBi 3agavi a8 HeniHiiHUX cucTeM gudpepeHLianbHUX piB-
HAiHb 3 MapameTpoM. [loBefeHO TEOPEMM iCHYBaHHS Ta €AUHOCTI.

Po3rnsHemo cuctemy avdepeHLiaibHUX PIBHAHb
XO) = /(" 1%, x (- DNA) + NIA (1)

ge X = (T, 12,...,.XNT,/ = (/i,12,---,fm)T i napametp A= (Ai, A2, .. -, \T)T ~ BekTopu
mM-BMMIPHOTro eBKMiZ0BOro npocrtopy ET, A —HeBMpoLKena matpuLa, Ta NocTaBUMO 3afady
BiALLYKAHHA i1 pO3B'A3KiB, AKI 3340BO/IbHAOTL YMOBM

X(ti) = x® i=12,...,n+1, 0<f\<i2<.. <tn+tl<h (2)

OCKINbKN KiNbKICTb YMOB, fKi MOBUHEH 330BO/IbHATY PO3B’A30K, Gifiblua Bif NOPALKY
cuctemun, To 3agava (1), (2), B3arani Kaxyudu, po3B’a3KiB MOXe He MaTh. [LOCArTM BUKOHaH-
Hs BCiX YMOB (2) MOXHa 3a paxyHOK BAanoro Bnbopy napamerpa A AKUA Y LbOMY BUNAgKY
BUCTYMaE y poni KepyBaHHA. ®akTUYHO 3afaya, AKy MU LOCMIAKYEMO, € PISHOBUAHICTIO f0-
Ope BiZOMOI i3 AKICHOT Teopii AndhepeHLiaibHUX PiBHAHB 3a4adi Banne-MycceHa. Ha BigMiHy
[1, 3]), ge 3agayva (1), (2) posrnaganacs ANA PIBHAHb MEPLUOro MOPSAKY, MU MPOMOHYEMO
MOBWIA NifAXifd, SKUIA FPYHTYETLCA Ha BifLUYKaHHI PO3B'A3KiB HA MHOXWHI (DYHKLUIN, WO 3a-
0BOMLHAIOTL YMOBM (2). Voro 3acTocyBaHHs 403BOAMMO CCOPMYMIOBATU Ta [AOBECTW HOB
TeopeMn ICHYBaHHA Ta €QMHOCTI PO3B’A3KiB 3agadi (1), (2), 06rpyHTYBaTU iCHYBAHHA LLUMP-
LLMX, Y MOPIBHAHHI i3 HaBefeHUMM Yy BKazaHMX BULLEe po60Tax, Knacie OYHKUIN, NS AKUX
LOCNiXyBaHa 3ajja4ya Mae PO3B’A30K, a TaKOX OTPMMATU KOHCTPYKTUBHI airoputMmn AN ix
BiALLIYKAHHS.

Hexain pyHkuis f(t, yO,y\...., yn-\,yn) B1u3Ha4yeHa Ta HerepepsHa B 06nacti D = [0; h] x
Nx/ x...x/mn/, =[aBbk\s=01...1

2000 Mathematics Subject Classification: 34A34.
KntouoBi cnoBa i hpasu: cuctema gugiepeHlianbHMX PiBHSHb, MN-TOYKOBa Npobnema.

©Cob6koBuy P.l., Kasamepuyk A.l., 2010

O3sHaueHHsA. Mapy (x»(i), A<} 6yaemo HasmBaTK po3szkom 3agaui (1),(2), AKwWo yHKLiA
X*(t) —n pasis gudpeperuiitoBHa Ha Bigpisky [0; 7], x»(t) € /o xis\t.) € Is,s=1,2,..., T—4,
A € [on, B1], TOTOXHO CnpaBAXYyeTbCA PIBHICTb

X(N)(0 = f(t,x,(t),x"t(t),...,xi" {O,A,) + JIA*
a TaKoX BUKOHYITbCA YMOBN X*(tt) = X (.

KopucTytoumcb METOAMKORO, 3anponoHOBaHOK Y poboTi [2], nobyayemo iHTerpanbHMia one-
patop L[f{t, x, X1 ..., A)] Takum ymHOM, LWO6 BCi po3B’a3kK cuctemn X = L[f] (dkwo
BOHM ICHYKOTb) 3al0BONbHANMM yMOBaM (2). LLlykaTumemo Ly BUrNsgi

LH = oi@) - (J

BMMaratoumn npu Lpbomy, Wob yHKUIi «;(£) 3a40BOMbHANN YMOBK

= | r=12,....,71 + 1 (4)
11, 7= %

[ndpepeHuitoroun piBHICTb X = L[/], OTpMMyeEMO CniBBIgHOLLEHHS
t
X =2>'(0 i Joits) m(s,x(s),x\s),... ,X(0 V() Ads + .17 +

n+
/(5% X, ..., x{n JA -~ wPi(t)).
i=1
Hexali dpyHKUii ¢i(E) Ta A (0 3a40BOMbHAOTL PIBHICTb

1
AlS) = 5
- <) (5)
MpofoBXyHOUM NpoLEec AMChepeHLitoBaHHA Ta Haknagaoum Ha yHKUii a»(i), /A (i) obmexeH-
Hs, TOOTO

n+1

A =0, a=12,..7-1 (6)

r=1
Ha N-My KpoLi OTPUMAEMO PiBHAHHSA

n+1 / » \ n+1
x{) = y i Pi(s) m(s, ..)ds +x° J+/(s,x,x/....FE(*1), A)-~a, (M D)(i)-A:()).
i=1 \i / t=

Hexaii BUKOHYOTbCS YMOBM

wf{s,x(s), X'(S),..., X 1)(&), A)ds + x0j (3)



=1 (8)

i=1
Ang BigwykaHHA pyHKuiA ar(i), (i) gicTaemMo cuctemy piBHAHb (4)—8), po3B’A3ytOUn fKY,
3Haxo4UMO

a'()=w * PM=1(*-Y, T = o i=12,..,u+1

Takvum YMHOM,

ag=2" (/V-Y "JSXIXE) <" "w.a*+Y -

3ayBaXumo, WO NobyaoBaHWn TakMM YMHOM oriepatop L AOBifIbHY HenepepsHy Ha Npo-
MKy [t\] tn+Y cbyHKuito g(t) Bigob6paxae y n pasis AuchepeHLiioBHY Ha LibOMY MPOMIXKY
doyHkuito p(t) = LJg(t)\, aka 3agosonbHse ymosm p(ti) =xf, i=1,2,, n+1 Cepes iHLMX
BNacTMBOCTei onepatopa L BigsHaummo, wo L[f +c\ = L[f] ans AoBinbHOi BEKTOPHOI cTanoi
¢. Cnpasgi,

& j <i/ nn+ , 1 C t- ti)p~X
I[r[Jchl\-Lr[E]wIL( 1n n, -apg +n! i} [ P.(I|).S1 - Lw
OCKinbkn X (*p¥lo' = [AwndePenltoroum n pasiB PIBHICTb

r=1
X=L[f(t,x,x",....x{n 1),A)], 9)

OTPUMYEMO
t

xXn = ~) -(/ (f(n-i)! w(~---)ds +x°j +f{s,x,x",....,.x{+ N\ A). (10)

OcKinbku

TO NPOAMMIePEHLIi0BaHNIA BMPa3 € KOHCTaHTOM. oknagemo

NN % T T A )R- {1>

Tenep oueBmaHo, WO Konu napa {x*(i),A*} 3agosonbHsie cuctemy (9), (11), TO0 BOHa
Oyae TakoX po3s’a3koM 3agadi (1), (2). Cnpasgi, 4ns LOBILHOrO Po3B’A3KYy X*(i) pPiBHAHHS

X = L[f], ak sunnueae i3 (10) ta (11), maemo x = L~[f] = f + AX Kpim uporo,
X, (i) = L[f(t, Jt=t = x°r=12,.,.,n+1
MpuctynmMo [0 BCTAHOBNEHHS YMOB iCHYBaHHA po3B’a3kiB 3agadi (9), (11). ¥ npocto-
/ wn0 \

mm

pi BeKTOpiB V= € £7("+]) BeegeMo B po3rnag onepatop P, 03HauMBLUM IAOTO
-

\ J
PIBHICTIO

L[f(t,u0,ui,.. )]

*ZzlLLLm) ’ Kb)i(t(n-i)!l'/(*>uo(3), --mHn-i(s),lin)ds + X

> 4x r i/ (tn-i"il- uo(d)’ ---"un-i(3), un)ds +

AL-y H_LF/ W o/(«.c0(€)..-,«,,_i(3), TAd5 + x?
Y,

ae uo(i) = x(t), ui(t) =x'(t), ..., un-i(t) = z(n_ (i), = A I3 HenepepBHOCTI CDYHKLii
/(/,,yo,ylI5..., yn_i,yn) BUNAMBAE iCHYBaHHA TaKMUX BEKTOPHWX KOHCTAHT M Ta M, Lo And
BCiX TOYOK 06nacTi D BUKOHYETLCA HEPIBHICTb

K <f(t,yo, em,Yn)<M (12)

(TYT 1 gani HepiBHOCTI MiX BeKTOpamu Ta MaTpuUAMM PO3YMIEMO MOKOMMOHEHTHO).
Hexali S —MHOXWMHa BekTOpiB V € ETin "rK KoopAnMHaT SKUX 3a0BONbHAIOTL YMOBW

n M-M M -M
+|'I\ + Ps < Us <bs {]t 'pS, S:O,l,...,n'l,
.. n+l i ) Q/'H_- X
e @M x axem MMy
i=1 i=1 Pi”
nH
ne hy = _£| aqy (- U™ Ps = Ips)(iLx -1,k ak) e, p(i,X!,... Xn+l) = L,
1=
(w \
Ly
N4

y M)



L0 BUKOHYKOTbCSA CNiBBIiAHOLWEHHSA

/

=
/ - AXM No
| hi M -M _
n! 2
hn-i M -M (13)
&t W 2 },&_ﬂ"

bn -\A\-1- MM +n! z

Mun He Gygemo 3ynUHATUCA Ha AeTalbHOMY O6rpYHTYBaHHI JaHUX HEepIBHOCTENr, a nu-
LLie 3ayBaXMMO, LU0 NPW iX JOBeLeHHI PiBHAHHA (9) LOLIMbHO, BPaxOBYHOUM [OBEAEHY BULLE
B/laCTMBICTb onepartopa L, 306pa3ntu y surnagi x = L[f(t, x, x',..., A —MEM; - ockinbki y
LiboMy BUNa/KY NifiHTerpanbHa doyHKLis 3340BONbHATUME YMOBY XK .. .) MFM < M '2M
3ayBaXuMmo, LU0 faHa OLiHKa Kpallia Bif TpaguuinHux (y Bunagkax ouiHok sugy |/(/,.. )] <
M).

I3 cuctemmn HepiHocTel (13) BunnamBeae, Wo P(v) € S. Ockinbkun onepatop P nepesoanTb
MHOXWHY S y cebe i € LIIKOM HenepepBHUM (Lie BUM/INBAE i3 HernepepBHOCTI PYHKLUIT /), TO
B S iCHye xo4a 6 OAMH PO3B’A30K OMepaTopHOro PiBHAHHSA

v = P(v). (14)
TakvM 4MHOM, cnpasef/iMBUM Oyfie HaCTyrHe TBEPIKEHHS.

Teopema 1. Hexait dhyHkyia f(t,x x',..., Xn A —BM3Ha4yeHa TaHenepepsHa B 06nacTi
D. BUKOHYETbHCA HEPiBHICTDL (12), @ TakOK MHOXWHA S —HenopoXHA. Toai 3agava (1), (2)
Mae B S xoua 6 0fUH PO03BHA30K.

[ocnigMmo ymMoBM, Npy SKUX PO3B'A30K — €ANHWIA. [pn LubOMy Byaemo BBaXKaTu, LUO B
obnacti D dpyHkuis /(£,y0,y\,..., yn) 3a40BObHAE YMOBM JliNwnusa 3a 3MiHHUMK Yo,Yi,- =
yn 3 matpuusmm Ks, s = 0,1,... ,n, BigNOBIAHO, TOOGTO ANA [LOBINbHUX ABOX TOYOK (t, I/Q
Yi,...,yn), {t, ¥, \ = Yh) € D BUKOHYETLCA HEPIBHICTb

\f(t,y0,yU...,¥n)~ f(t,yo,m, m..¥n) 1<% Ki'¥~&} (15)
i=0

Po3rnsHeMo iTepayiiHnic npovec

( p(t,Xx,..., Xn) \
p'(t,x 1 Xn)
BMOpaBLUM No4YaTKoBe HabNVKeHHs y Burnagi vo(t) = . Bpaxosytouu
i ’ Ao pn 1(t,xL,...,X,)
n+1

\ n' mA~ mx 74N
ymosy (15), 3Haxogumo
K+ - «ki = IPvk- Pvk 1]<

| L NI(t, WokTHiK ..., Unk) —f(t, Uok |, UNK 1, mem s

n+
-Z| ée(t)i) f xn-D1 | ulki m-"unic)  fif") ) AMIfc-i) - - - SUnfc i) Il df
= <
n-bl t
\ L ey INU s -1 /(i MOfe,- .y i) \ds
i=l ti
( ho 'EO Ki\uik  ur \
1=
n
hi mE Ki\vik- uik-lie
1:0n
Vv \a 1-EO Ki\uik ~ uik= I /
I3 0CTaHHbLOI BEKTOPHOI HEPIBHOCTI OTPUMYEMO PEKYPEHTHE CriBBigHOLUEHHSA
kfc+HWc < Q\rk{t) ks (17)

ae Q —hoKo + h\K\ + .. s+ hnKn, rk(t) —.E0 Ki\wk ‘ufc.1l k—1,2,.... ITepytoumn
1=

HepiBHicTb (17), picTaemo |ricH(£) Jc < QK\r\(t)\c. Taki MipKyBaHHA J03BONAKOTb CPOPMY/ILO-
BaTU HACTYMHe TBEPKEHHS.

Teopema 2. Hexaii BUKOHYOTbCS yM0BYM TeopeMu 1, HepiBHicTb (1), a TakoX BCi BAacHi
3HQYeHHA MaTpuui Q nexaTb B 0AUHUYHOMY Kpy3i. Toai 3agava (1), (2) mae efuHMIA po3BfA-
30K {x*(t), A*}, po akoro npu k 00 piBHOMIipHO no t € [t\] ArH] 36iraeTbea NOCAILOBHICTH
BEKTOPHMX (PYHKLIN (13). Moxmnbka XapakTepu3yeThes NPU LbOMY BEKTOPHOK HEPIBHICTHO

( MO-~"WI \
14(0 -<(01
<QK(E-Q)-I\w{t)-uo{t)\c, (18)
ik tI\t) - xf A\
v o A
fe E —ognHnyHa matpuyq, k=1,2,....

LoseseHHd. OCKiNbKW BCi BNacHi 3Ha4eHHA MaTpuui Q nexarb B OAMHUYHOMY KPY3i, TO
11
V, Qkd ~Qk-Y" Q1= Qk-(E-Q)~\ lim Qk=0



Tomy

/-i
FiH(t) - rk()\c <£ QhH -h(t) - ro(i)Jc <Qk-(E- Q)~I -hit) - ro(t)\c. (19)

i=0
3Bigcn BunavBae piBHOMIpHA no t € [ti;tn+] 36bkHicTL nocnigoBHocTerd {uik(t)},
i =0,1,....,n - LKlimr? uik(t) = uit, it0,(i) = x*(t), un, = A* Te, WO nNocnifoBHi HabM-
XeHHa UKk(t) HanexaTb 06n1acTi £5 BUNIMBAE i3 CTPYKTYPU MHOXMHM S. OuyeBUAHO, LIO
hyHKLis x*(t) 33aL0BONIbHAE YMOBU (2), OCKINbKW Ui YMOBW 3af0BOJIbHAIOTL BCi Habmxe-
HHA Xk(t). OuiHkM noxubok (18) sunamearoThb i3 (19) 3a paxyHOK rpaHWYHOrO Mepexopy

npn | —00. €anHicTb po3B’a3ky {x*(i),/A*} 06r'pyHTOBYETLCA METOAOM Bif CYNpPOTUBHOIO.
Teopema foBefeHa. O
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The n-point problems for non-linear systems of differential equation is investigated. Exis-
tence and uniqueness theorems are proved.

Co6koBny P. L., Kasmepuyk A./. PaspewimmocTb MHOFOTOYEYHUX KpaeBUX 3afgay C napa-
MeTPOM Ana cuctemun agnddepeHumansHUX ypaBHeHnin // KapnaTckue matemaTuyeckune ny6-
nnkayun, - 2010. - T.2, N@2. - C. 116-122.

PaccMOTpeHbT MHOroToUeUHbie 3a4ayumn A8 HENMHENHbIX cucTem guddepeHLunanbHbiX ypas-
HeHWA ¢ napameTpoM. [loKa3aHbi TeOpPeMbi CyLLeCTBOBAHUA N eLMHCTBEHHOCTMU.
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MONIHOMIANBHI MOBI/IbHO 3POCTAKOUYI PO3MNOoA4INn

LLlapnn C.B. MoniHoMianbHi NOBiNbHO 3pocTatodi po3noginv // KapnatcbKi MaTeMaTU4Hi ny6-
nikauii. - 2010. - T.2, Ne. - C. 123-132.

Y po6oTi nobyaoBaHO NOMIHOMIaNbHWI (HENiHIHWIA) aHanor MoBiNbHO 3pOCTalOYMX PO3MOo-
pinie LLBapua. Po3rnsiHyTO y3aranbHeHy onepauito andepeHLUitoBaHHSA y MPOCTOPi MOAiIHOMI-
anbHUX y3aranbHeHUX (PYHKUiIA, a TakoX MepeTBOpeHHsi dyp’e-Jlannaca Takux pPo3Noginis.
HasefeHo npuknagun.

Bctyn

Y3aranbHeHi yHKuUii LLIBapua faBHO CTaiv KNacCUYHUM IHCTPYMEHTOM MaTeMaTU4HOi
(hisvkun. MpoTe pag 3agad, Hanpuknag, KBaHTOBOT Teopii nons (ame. [4]), BMMaratoTb MOMIHO-
Mia/IbHOrO (HeniHiMHOro) y3arasibHEHHS NOHATTA y3arasibHeHoi pyHKuii. Y pobotax (11, 12]
No6ya0BaHO MONIHOMIa/IbHI YNbTPAPO3MNOAIN Ta PO3rNAHYTO MOMIHOMIa/IbHE y3ara/ibHEHHS
onepavii Kpoc-kopenayii i mepeTBopeHHs JSlannaca. Y Ui cTaTTi M BBOAMMO Knac P'(e>+) no-
NiHOMiaNIbHWX MOBINIbHO 3POCTalOUMX y3aranbHeHNX (OYHKLM, WO € y3araJibHeEHHAM NPOCTopy
S+ knacnyHux posnoginis LLisapua. Mpu ysomy npoctip PS> 3 TOUHICTIO A0 i30MOpdi3My
acoLIFOETLCA i3 3rOPTKOBOKO arebpoto KoeqoilieHTiB Mnel+ LLI> 103BONSE BBECTM HA
P'(5+) cTpyKTypy anreépw.

3ayBaXMMO, WO € iHLWi LIMPOKO BiOMI HECKIHYEHHOBUMIPHI y3arasibHeHHSA KnacMyYHUX
NPOCTOPIB PO3MOAiNiB, AKi BUKOPUCTOBYKOTb METOAM rayCCIBCbKOro aHanisy 6iforo wymy i
KoHUenuito Tpiriok Menbchanga [7, 9, 10].

1 MonepenHi BigomMmocTi | oO3HaueHHSA

Hexalh X, Y —nokanbHO OnyK/i KOMMIEKCHI BeKTOPHI npoctopu. MosHaummo Jf(X,Y)
MPOCTIP BCiX HenepepBHWX NiHIMHWX OnepaTopiB 3 TOMOMOriEKD PIBHOMIPHOI 36DKHOCTI Ha
0bMexeHUX MHOXMHax B X. Onga npoctoty nucatumemo ~f(X) 3amictb Jzf(X. X). CunbHO

2000 Mathematics Subject Classification: 46G20, 46F25.
KnwouoBi cnosa i ¢pasu: NoAiHOMW Ha HeCKiHYeHHOBMMIpHMX npocTopax, agepHi (F) ta (DF) npoctopw,
NOBINbHO 3poCTatoUi y3aranbHeHi PyHKUIT.

©LlWapun C.B., 2010



cnpsbkeHnin npocTip 4o X mu 6yaemo nosHavaty Xi. [ito pyHkuioHany f € X' Ha enemeHT
X € X mu bygemo 3anucysatun (/7 |x).

Ans posinbHoro n € N nosHaunmo Sf(nX, C) := Sf(X x ... x X, C) npocTip BCiX He-
NepepBHUX N-MiHINHNX dOyHKUiOHaNiB. ®yHKUioHan F € Sf(nX,C) Ha3MBaeTbCA CUMETPMY-
HUM, akwo F(xu ... ,Xx,,) = F(xa{d,...,.10(,)), 4e ¢ —[oBifibHa NepecTaHOBKa MHOXMHM
{l,.,.,n}. MpocTip BCiX CUMETPUYHMX N-AIHIAHNX HEMepPepBHUX (PYHKLiIOHaNMIB MO3HAYM-
Mo S<t(nX,C). BM3HAUMMO Tak 3BaHe fJiaroHasbHe Bij06paXKeHHA AK MPUPOLHE BKNaAeHHA
An: X 3 X i—>(X,...,X) €X x ... x | BigobpaxeHHs P Ha3MBa€ETbCA HeMepPepBHUM
N-04HOPIAHNM MONTHOMOM, AKWO 3HanaeTbes F € Sf(nX, C) Take, wo P(x) = F(An(X)).
MpocTip ycix HenepepBHUX N-0AHOPIAHUX NONIHOMIB NO3HauMMo Pn(~0 i HaginMMo oro To-
MOAOriet0 PIBHOMIPHOT 361XKHOCTI Ha 06MEXEHMUX MHOXUHaX B X. 32 03HA4YEHHAM MPUIAMEMO
PO(X) = C. s geTanbHIWOro 03HaioOMNIEHHS 3 OCHOBaMU TeOPii MOMIHOMIB Ha HECKIHYEHHO-
BUMIPHMX MPOCTOPax MW PEKOMEHAYEMO KHUTY [5].

A8 n-ro (CUMeTPMYHOr0) TEH30PHOrO CTereHs npocTopy X 6yAeMO BMKOPUCTOBYBATU
nosHayeHHs ®nX (BignoBigHO ®’X). TOMNOBHEHHS TEH30PHOro A06YTKY 0 (CMMETPUYHOrO
TEH30pHOro A06YyTKYy ®d) B NPOEKTUBHIN NOKabHO OMYKAiA TONOMOrii NO3HaYaTUMEMO B3
(BignoBigHO ®sp).

[ns o3HavyeHHs npocTopy PITX) MOXHa BUMKOPUCTATU NiHIAHI TONOMOTiYHI i30Mopdoi3-
Mn Pn(X) ~ Sfs(nX, C) ~ ((E”X)*, onucaHi y KHU3I [5]. AKWO pO3rnsHYTU NPUPOLHe
BKNafleHHS

X X o XX 3 (Xn ..., Xn) > ®... &Xxn € ®pX,

TO i3oMopchism (B>"pX)' 3 Pn > Pn '==Pn° ®n 0 aAn € PIX) 0gHO3HA4YHO BM3HAYaE
N-OAHOPIAHWIA MONIHOM SIK KOMMNO3MLIitO

Pn{x) = (pn I®nx), pe ®nx:=x® ®x = (®1 OAn)x, X € X 1)

MpocTip scix CKiHYeHHMX cyM P(X {p Z Pn-- Pn € Pn(X), m € n}, HagineHwii

TONONOriE0 PIBHOMIPHOT 30IXXHOCTI Ha 06M€)K€HVIX MHO)KI/IHaX B X, Ha3MBa€eTbCA NPOCTOPOM
HenepepBHUX noniHomMis Ha X. MpocTtip P(X) € TononoriyHow anrebporo 3 0AVHULEKD | MHO-
n

xeHHam P(X) mQ(x) = nezz i, rnzzo PT(x) mQn-m(x)-

Cumsonamn P'(X), Pn(X) MU ByaemMo NO3HavaTV CUIbHO cnpskeHi npoctopu go P(X),
P,,(X) signosiaro. AHanorivyHi npoctopn nomnomis P(XM>Pn(X') | cunbHO CnpsxeHUX [0
HUx npoctopis P'(X'), Pn(X") MI/IXBBa)KaeMO BM3HayYeHUMK Ana npoctopy X'.

Bcrogn B poboTi CMBOJIOM n& ®"pX MW NO3HAYAEMO fJeKapTOBMIA NIOKANbHO ONYKNIA
+

(€]
L06YTOK I £ ®%X —npamMy N0KasbHO ONYK/AY CYMYy CUMETPUYHMX TEH30PHUX CTEMeHiB
n€zZ+

&pX npoctopy X; aHanoriyHo gnsa npocropy X'. 3ayBaXuMo, L0 eeMeHTU NPAMOI CyMu
MICTATb /INLLIE CKIHYEHHY KiNbKIiCTb AOAaHKIB.

Hexaii npocTip X € dgepHum (F) ab6o (DF) nokansHO onyknmm npoctopom (avs. [8, 3)).
3ayBaXXMMO, LIO Yy LbOMY BMNALKY MPOCTOPU X'"i (®"IPX)'" —TOnonoriyHo i30MOpPHi.

HaBegemo psf TBepAXXeHb, foBefeHUX Yy poboTi [12], AKi Aal0Tb TEH30PHY XapakTepuCcTUKy
BIAMOBIAHMX MONIHOMIaNIbLHUX anreop.

TeepaxeHHa 1.1 ([12]). CnpaBaXyw TbeA HACTYNHI MiHIAHI TONONOriYHI i30MOPXIi3MH

X ~P.() ~gpo, M<x'- A>3 - o)

EnemeHtn npoctopy Mne2+®s,pX' wa gosinbHunin XE X Ait0Tb 3a DOPMY/NOLO

/ X ) \ X
p{x) = (N r%2+ ) = 2L p=

ge Pn(x) Bu3Hauaetbca chopmynoro (1). 3ayBaxumo, LU0 MHOXMHA : ~ ®NX € TOTa/IbHOK
MiIMHOXMHOK B z ® ®s,p™-
Hacnigok 1.1 ([12]). MpocTopu P'(X") i P(X") yTeoptotoTs geoicTicTs (P'(X') \P(X')).
Kpim Toro, Ak o X HenepepBHO i WinbHO BKAAaAaeThes B X', TO NPaBUILHUM € HemepepBHe
WwinsHe BknageHHa P(X') F>P'(X").

EnemeHTn npoctopy P'(X') M1 Ha3MBaTMMEMO NOMIHOMIANIbHUMI y3aranbHEHUMN YHK-
LiAMKU. TX MOXHa PO3yMiTW K NONIHOMM Ha npoctopi X B po3ymiHHI dpopmynun (2). Hagani,
BpaxoBytoun izomopdpiam Tx/, noniHoMia/IbHi y3aranbHeHi PyHKLUiT fekonn 6yaemo 3anucy-

BaTW y BUTNALI (P1,P2,... ,P,,...), le Pn € ®"pX".

TeepaxeHHa 1.2 ([12]). Mpama cyma s B+ ®"PX N=735® ¥y g € } e
® /o \

noKanbHo onyknot anreépoto BIAHXOHD 3ropTku @ * ¢ = z (WZFOWI@)SLPH-THJ', | Big06-

paxeHHs {5]|® *1 — {P(X"), -} ¢ isomophizmom anreop.

Hacnigok 1.2 ([12]). MHoxeHHa anre6pu P(X') MoXe 6yTu €AUHUM YUHOM Mpo-
[OBXEHE J0 MHOXeHHA B P'(X'). MpocTip P'(X") € TONONOTIYHO anrebpoto BiJHOCHO BBEje-
HOTO MHOXEeHHA 1 'YX O0AHO3HAYHO MNPOAOBXKYETHCA A0 anrebpaiyHoro isomopgismy

Y npoctopi Sf [*Enel+ HernepepBHMX NiHiHUX onepaTopiB 3 2N&L(+ ®",p" B ce’e

posrnsHemo niganre6py Jfp X pez+ oreparopis, AKi 3a1MLLIAKOTL NPOCTOPU
iHBapiaHTHUMK, TO6TO

® @ O O

: <
nezz-f X nGZZ-f O O

\ m ¥4

ge, oyesmgHo, 0°pX = C i = X- Bukopuctosytoumn izomopdpiam TYX, mu 6yge-
MO acouitoBaTW BIiAMOBIAHI onepaTopHi anrebpn, a came JE Znel+ ®"p —~ [P(~0]



2 MONIHOMIANIbBHE PO3LUMNPEHHA MOBI/IbHO 3POCTAOUNMX Y3ATANbHEHWX

OYHKLIIA

Y pob6orax [11, 12] nobygoBaHO NONIHOMIaNIbHE PO3LLMPEHHA YNbTPaPO3MNOoAiINIB 3 HOCIAMN
Ha nisoci [0,+00) Ta B KOHyci R+ BIfNOBIAHO | PO3rNAHYTO y3ara/ibHEHHA MEpPeTBOPEHHS
Nannaca gng noniHoMiafIbHUX YNbTPapO3NOoA4iNiB.

Hexali S := «S(R), S' := <S(R) no3HayatoTb KnacuMyHi npoctopu LLIBapua LWBMAKO Cna-
AHUX (PYHKLIA Ta NOBINbHO 3pOCTatOuMX y3arasbHeHUX OYHKLiM BignosigHO. Bigomo [1], wo
S ¢ agepHum (F) npoctopom, a S' —sagepHum (DF) npoctopom.

Po3rnaHemo B S' mignpoctip S+ TUX pO3Mof4iNis, AKi TOTOXHO PiBHI HY/NLOBOMY (PYHK-
LioHany Ha niBoci (—eo, 0). Hexain (<SH° —nonsgpa nignpoctopy S'+ BiAHOCHO ABOICTOCTI
(S', S). Toai ayanbHUM [0 Oyfe thakTopnpocTip

S+:=S/(S'+)° ={o =0+ W'". ¢ ES, Yo € (5+)°} -

Hexain 6(x) nosHayae xapakTepuCcTMUHY (DyHKLiO 40AaTHOI NiBoci. H4po onepaTopa MHO-
XEHHS Ha (pyHKLito Xesicarga 8(X)

©:S3yYi—Ybp €5;

cnisnagae 3 (S'+)°. Tomy ans noro o6pasy 0[«S] NpaBUIbLHUM € TOMONOTIYHWIA i30MOPAII3M
S+~ 0[<5]. TakMM YMHOM, KOXEH eNeMeHT @ € S+ MOXHa Po3yMiTW AK PerynspHuUii posno-
Ain 3 npocrtopy S'+.

3 Teopii AaepHuX npoctopis [2] Bunnaveae, Wwo S+ € agepHum (DF) npoctopom, a S+—
agepHum (F) npoctopom. Kpim Toro, S+ € 3roptkoBoto anrebpoto 3 ogmHuuero 0(x), ae
0(X) —penbTta oyHkuig Lipaka, a S+ € anrebpoto BiAHOCHO MOTOYKOBOTO MHOXEHHS Oyib-
AKWX MPeLCTaBHUKIB BifNOBILHMX KNaciB CYyMDKHOCTI.

MHOXWHa («S+)° € igeanom B anredpi S, iHBapiaHTHMM BIJHOCHO /TIBOCTOPOHHIX 3CYBIB.
Tomy y hakTOpnpocTopi iS+ KOPEKTHO BM3HAYEHO Hamisrpyny 3cysiB

Tt: S+ 3 ¢(x) —>00(x +i) €5+, t >0

lgean (*S+)° € TakoXK iHBapiaHTHUM BIHOCHO onepatopa gndpepeHuitoBaHHA D, TOMY KOpeKT-
HO BM3HAYeHNM € onepartop

D\S+3 ¢ —>D(<p) € £+

Hexain T/ i D' — cnpsbkeHi onepatopu fo Tt i D BigNOBIiAHO BiJHOCHO AyanbHOT Mapwu
{S+, S+). 3ayBaxumo, WO NpocTip 5+ HenepepsHO i LUiSILHO BKNafaeTbCa y MmpocTip S+
(ue BMMMBaE 3 BKNageHHA S 9>S'). OTXe, MM MOXEMO PO3rNAHYTU MPOCTIP MOMIHOMIB
P(«S+) i 1ioro cnpsbkeHnid P'(«S;), ANg AKUX 3rigHO i3 HacnifgkoM 1.1 BUKOHYETLCS Herepeps-
He WinbHe BKNageHHs P(S+) Y>P'(«S+). Kpim Toro, (P'(«S+), P(<S+)) —ayanbHa napa.

Teopema 1. (i) OgHonapameTpuyHa cim’s {I(T/)}>0 niHiilHUX onepaTopiB, fKa BU3HAYEHA

Ha 3rOPTKOBIN anrebpi j Zned+ ®s,p™+>*} piBHICTIO

ne Qn =Qgno o~ °Ane Pn(S+), gn € ®’RSH ¢ ogHocTaliHo HenepepsHoto (Co) HaniBrpynow
anrebpaiyHnx aBTomMopismis.

TirenepaTop dT(D') HaneXuThb niganre6pi S Nnel+®s,p+ | HA [OBINbHUIA eNEMEHT
A= Z®¢el(+5h € Z®¢(+ Jesh=@ny € @ €S+, fic 3a npaBuaom
B

dr(E>)?=Y]Y ¢®---0 ¢ SD(tp) ®p >---py’m

31 j n-j

(ii) OgHonapameTpuyHa cimf (MC(T1)}>0 niHiliHNX onepaTopiB, SKa BU3HAYEHA HA 3r0p-

TKOBIN anrebpi |Mnel+ PiBHICTIO
X
[TS r((TYT -;(/Z)(>) = P(Tttp), P =T Pne PS+). ¢ e S
.
fe Pn=PpO oA, € P,«S+),Pne €ofHocTanHo HenepepBHoto (CO) HaniBrpynow
anrebpaiyHmx aBToOMOp®i3MmiB.
Ti renepaTop Ar(D) HanexuTb niganre6pi [MIN€Z+0 ”ps;j | Ha fOBINbHUA eNeMEHT

P=TInez+ry €EMNel+e 1ps + dery = ®n/ € ®p$+>/ e S+, fie 3a npasuiom

X_
dr(D)p = - ;I:I'y"fé &>--8)/ &D' (1) ¢/ & -0/,
j=1 .

j n~J

[oBefeHHs. Hexali Sn nosHayae MOMOBHEHHs MPOCTOPY S 3a HOPMOHO

IMlk= sup (1 +x2n2\Daip(x)\, ¢ €S, ne {0} UN
XEK, 0<a<n
Ansa koxHoro n € {0} UN po3rnsgHemo thaktopnpocTip = Sn/(S'+)°. Togi npocTip S+
MOXe ByTW 300paXeHni y BUTNALI NPOEKTUBHOT rpaHnui [1]
St = Iim__ pr«S",
NPUYOMY KOXHE BKaeHHS c SM(n =20,1,2,...) UinKOM HenepepsHe. Bukopwucto-

BYtOUM BifoMYy [6] BMaCTMBICTb KOMYTaTMBHOCTI MPOEKTUBHUX FPaHULb i3 MPOEKTUBHUMU
TEH30PHUMW LO6YTKAMW OTPUMAEMO

0 ”pE+ = &EpHmprSI1 = limpr : 3)
n—00 N —cx)
Cuctema (hyHKL,il
gn = ®n4>m(h,..., tn)>—>y(ii) ® - - - Htp(tn), (4)

fe ¢ € S+, € TOTa/IbHOKO MIAMHOXWHOIO B ®"pSt.



3 TBEpAXEHHA 1.1 BUN/AMBaOTb PIBHOCTI

[T (A= (® " 1)=Z No *"'Biib>e-(>) =

nGZ+

S (AB=S (/TVF=3 & IBEP=3 (@4 @G

nGZ+ nGz-f nGZ-f.

ANg KOXHOro n po3rnsHeMo Hanisrpyny O nTr Ha TOTa/ibHIA NiAMHOXWHI (4) B npocTopi
>"rb +. OcKinbky onepatop Tt 34iACHIOE NMiHIHY 3aMiHY 3MiHHWX, TO, O4EBMAHO, MAaEMO

T\ = WA, Vn € {0} UN.

3BifAcCK, a TaKOX i3 perynspHOCTi NPOEKTUBHOI rpaHuLi (3), BUNAMBAE OAHOCTaHa Hemepeps-
HicTb Hanisrpynun 0OnTt B npocTopi 0 ”pE+ ana koxHoro n = 0,1, 2,----BukKopucToByrouun
(Co) BnacTmBicTb Hanisrpynu Tt, NIerko [AOBECTM L0 X BNACTUBICTb ANA HaniBrpynn <SaTt.
OcTaro4yHoO, OAHOCTaiHa HeMepepBHICTb Ta CUIbHA HenepepBHicTb Hanisrpynu (T() sunau-
Ba€ i3 BNaCTMBOCTEN TOMOMOrii NPAMOT CyMu.

3Haingemo reHepatop Hanisrpynu 0 nTf. N KOXHOro ¢pikcosaHoro gn = 0 ry? MaeMo

n N
y" Ttip@---0 Tt(f 0 0 0 -m0Tlr
=W WO N Ve /
j n-j
n
V2O ---0 0 £&y)0 @0 ---0 ¢ m

i=x j n-j

Onepauis gudpepeHuitoBaHHs D € niHiiAHOO | HenepepBHOO B NpocTopi S+ [1]. Tomy onepatop

0J~/+0 D 0"-J /+, ge I+ no3Hauae TOTOXHiin onepatop B jSf[«<S+], HanexuTb npocTopy
[0" b +. [N 3aBepLUeHHs A0BefeHHA MYHKTY (i) 3a1MLWLMN0Ch BUKOPUCTATU Te, L0 KOXeH

eneMeHT ( € 2R<+® P+ MOoXHa anpoKCMMyBaTW NiHIMHOK KOMGIHaLliEto eneMeHTiB (4).

BuKopucToBytoum Teopito ABOICTOCTI | fyanbHicTb (Mne2+ IZnel+Kvs+)’ ner-
KO MPOBECTU aHaNIoriYHI MipKyBaHHA ANA LOBeAeHHA NYHKTY (ii). O

Teopema 2. (i) leHepaTop dT(D') € HenepepBHUM AudepeHLiOBAHHAM Ha 3rOPTKOBIA
anrebpi ®"p5+, T06TO

dr(D")(p*7) = [dr(D")p]*q+p*[dr(D")q] (5)

LNs LOBiNIbHUX p. € E®@ez+®"p5+
(i) TeHepaTop dF(D) € HenmepepBHUM AMepeHLilOBaHHAM Ha 3ropTKOBiA anrebpi
Mner+» ”p5b+>ro6To

dr(D)(p * 9) = [dr(D)p] * g + p* [dr(D)g] (6)

(iii) MenepaTopy dr(D) | dF(D') 3a40BONbLHATL AyasibHe CMIBBILHOWEHHA

X ®
dr(D)p \q) = - (p 1dr(D"g), VpE M ®@"p5+ Ve 2 @5+
(dr(D)p \a) (p Idr(D")g) P T p S

foseneHHs, (i) Hexalip = E®Rez+®V € Z®e(+®"p5+i Q= Z®e(+®TY € E ?ez+«"p5+
0,0 €S+ Togi

(9 \ /¢ \ o ~ .
2») * 2 =2 1>» @™
nez+ Y \n6Z+ y  TeZ+n )

Hexai no3Hayae ornepatop, LIO Ha AOBiNbHMIA enemeHT Buay 0nmy? € ®"p™+ [je 3a
npasniom

"D [0nv?] ;= v0 -m-0 @0 D(ip)o y?0 - -0 3.
j n-j

[ani 6esnocepefHbO NEPEKOHYEMOCS Yy MpaBUAbHOCTI piBHOCTI (5):

Royere) =2 > 22 ‘OOV)0(0™-10] =

53 ZTNV®I‘®(®1T1’O) HZ(O K @ ®@rT(

neZ+Lu:0\ 1

nez+m:0 \§m®q)® / -I-néﬂrzlzo \Z m @ =
(DN *2+p* (D)

(i) JoBegeHHs piBHOCTI (6) NPOBOAUTLCA aHaNOrivyHO.
(iii) MpaBunbHIicTb cnisBigHOLWEHHSA (7) Bigpa3y cnigye i3 piBHocTen D' ——D Ta
Sp>"1""M) =(Z ?EI®”A
=p> ) =
n
)\TM

/1 =- (p, jZT NNy -

pep, =07/ €0?p«s;, / €S+ qn=®ne €0"iRS+, ¢ €5+, a onepatop "D' BU3HAYaETLCA
3a popmynoto "0/ =/0 ---0 /0 E~/)0 /0 ---0 /m D

n-j

EnemeHTn npoctopy V'(S'+) My Ha3mBaTMMeMO NofiHOMiafibHUMMW NOBINbHO 3p0OCTaloum-
MU y3aranbHEHUMN (yHKLIigMN.



3 T[lloninomiansHe poswmperHa nepetsopeHHs Pyp’e-Jlannaca

Bigomo 3 [1], wo nepetsopeHHs dyp’e ¢({) = [F<p(i)](0 GieKTMBHO i HenepepsHO Bij-
obpaxae npoctip S Ha npocTip S. Mobygyemo dhakTopnpocTip

5+:=S/F [(-s1)'],

AKNA, o4eBMAHO, Gyfe 06pa3oM Npu NepeTBOPeHHI Pyp’e enemMeHTIB 3 NpocTopy S+, TO6BTO
BM3HAYeHUM € BifoOpaxeHHs F+: <5+ i—>S+. KopuCTyounch iH’EKTUBHICTIO Bifo6paxe-
HHA F+, npocTip S+ HaginMMo iHAYKOBaHOK MepeTBOpeHHAM F+ Tononorieto. 3BiAcK Bu-
navBae, WO npoctip S+ € agepHum (F) npoctopom. Hexait F+: S+ \—>S+ —cnpsxeHe
[0 F+ BifobGpaxeHHs, fe S+ —cCuibHO CpsxeHWU Ao «S+ npocTip. MepeTBOpeHHs T+ =
2n(F+)~1: S+ 3 / i—>/ € S+ Ha3BemO Yy3arafibHeHUM nepeTBopeHHaM ®yp'e-Jlannaca
y3ara/lbHeHUX OYHKLiM 3 Knacy S+. N

Bifo6paxeHHs P + € HenepepBHUM Y CUMbHI TONOMOTIT MPocTopy S+, TOMY S'+€ fAepHUM
(DF) npocTtopom. Kpim Toro S+ € My/nbTUNAIKaTUBHOK anrebporo 3 OAvHULIEHD & BiHOCHO
MHOXEHHS

(/*») =/-7. f,9NS"+.

BininiiHa dpopma (F+f \F+y) = (F+-'+H \¢) = 2n (/ |9), ge / € S+, ¢ € S+ Bu3Ha-
4ae HOBY fyaNibHICTb (St |<SH).

BukopucTtosyroumn tBepiKeHHA 1.1, M/ MOXEMO PO3LUMPUTY y3arasibHeHe MepeTBOPeHHs
®yp’e-Nannaca Ha anrebpy V(S'+) HaCTYMHUM YMHOM.

KomyTaTuBHa fiarpama

P'(S'+)

I M

nez+

OfHO3HAYHO BM3HA4a€ MONIHOMIia/lbHE PO3LLMPEHHS

F+:PGSU 3 P = n'zl:l A P:ngl;l R@)B P Ep'<s+)

y3arabHeHOro nepeTBopeHHs ®yp’e-Jlannaca J-+, e - OAHOPIAHMIA BMMaLOK Bigo6paxe-
HHA F+, TOOTO MepeTBOPEHHS, L0 OfHO3HAYHO BM3HAYaETHCA KOMYTATMBHOKO fiarpaMoto
Pn(S+) Pn(S+)

T Ts>
rHo.

BigobpaxeHHs F+ MW Ha3BeMO MojiiHOMianbHUM nepeTBopeHHAM ®yp'e-Jlannaca. Cnig
3ayBaXMWTW, LIO LE BiAOGPaXEHHS HaNeXuTb fiaroHanbHi niganreopi [P'(<S?), P(<S+)].

Binblwe TOro, nepeTBOpeHHs F+ fie AK CIOP’EKTUBHWUIA TOMOMOTIYHWIA i30MOpi3M 3 P(«S.
Ha P'(<S+).
3 Hacnigky 1.1 BUNIMBAE, W0 3BYXEHHSA

F = F+ [PG5)
Ha wWinbHy niganrebpy P(<St) C P(<St) pie ak anre6paiyHumii isomopdism

FHPSH3Q=YjQnAQ -=YJF(Qn) e PS4, Qne PnS+),
rEZf

nGZ+

ge F, .= Fn |G- Kpim Toro, npasuibHOO € AyanbHa pisHicTb AP \Q” = (P \Q).

Mpuknag 3.1. 3Haiigemo ys3aranbHeHe nepeTBoOpeHHAs ®ype-Slannaca AenbTa-QyHKLYii
Aipaka

/-+00 /+00

{T+6 IF+g) =21 (8 19) = 21r7(0) = 7{00 elig (&) ag o0 7.00 0(€) a& = (1 |F+y) .

Takum yuHom, T+ = 1. X
Po3rnaHeMo enemMeHT Op 3 NpocTOpy

5 = (5,5@3,...,®05,...).

3ayBaXKumo, o KoXeH <gn0 € MOXHa PO3yMITHW AK N-04HOPIAHUA NoNinoOM 3 npo-
cTopy Pn(5+) BceHci hopmynn (1).
Obumncnnmo noniHoMianbHe nepeTBOPeHHA ®yp’e-Slannaca enemedTa dp. [ANnd f0BINILHOTO
n € N maemo
» N7 - [«nd =1« -« =0NL
Tomy ocTaTouyHo oTpumaemo F+[fpl = (1,1®1,...,®n1,...).

Mpuknag 3.2. Hexait ©(x) - ¢yHKuis Xesicaiga. 3HailgeMo iiysaranbHeHe nepeTBOPEHHSA
®yp e-Jlannaca.

{r'+0 IF+g) = 2n{0\g) =21 Joel)yd=
0

r +00

21 J/ e“Iti S oA 219(0) = 2n (5 IF+<).
0

OTpumanu Jr+6 = 2md. 3Haiigemo noniHoMianbHe nepeTBOpPeHHs ®ype-Slannaca enemeHTa
Bp = ("0, (s ...). Ang gosinbHoro n € N Maemo
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